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Abstract

Glass is being increesingly used as a dructud materid.  In paticular, its
favourable aesthetic qudities have made it popular with modern designes.  The
most recent developments have seen glass being used as mgor Sructurd dements
such a beams and columns  Fom the enginexring viewpoint these new
goplications present a series of design problems which need to be addressed
before a coherent and safe design philosophy can be achieved.

To date there has been much work on out-of-plane loading of glass and in-plane
loeding of traditiond mateids is wel described. However, there is little
published advice on desgn for long term, inplane loading of glass In redity
engineers have been borrowing design concepts from the two former aress to try
and saidy the latter. In this thess it is demondrated that this is not satisfactory,
and anew “Crack Size Desgn” method is proposed.

Noved contact and fracture mechanics techniques are developed in the course of
this thess which may dso be gpplied to more generd enginearing problems.  Of
particular interest is the evauaion of the dress intendty factors for closed edge
cracks in a hdf plane, and a description of ther growth in a bulk compressve
dress fidd. These techniques are used in an investigaion of contact loading.
Contact stresses are particularly important to glass desgn as glass is unable to
flow plagticdly to relieve high locad dsresses Hence “soft” interlayers are often
insrted between the glass and the contacting materid to facilitate dress
redidgribution.  The problem of a rigid, squareended punch loading glass via a
pefectly linear dadic or rigid plagic interlayer is andysed. The results for an
edge crack under such loading conditions are then invesigated and incorporated
into the newly derived Crack Size Design philasophy.
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Notation

Ass

acontact

NOTATION

reference loaded area

vaidbles for the intelayer/subsrate used in  displacement
cdculations of Appendices C and D

loaded area

edge crack length, buried crack hdf length, or length of corner
crack across plate thickness

crack length in a contect stressfield which maximises K |

initid crack length

segment 1 length in kinked crack

segment 1 length in kinked crack

desgn crack Sze

initid crack 9ze basad on probabilistic methods

vaidbles for the intelayer/subdrae used in digolacement
cdculations of AppendicesC and D

glide didocation density

glide didocation density a crack mouth

dimb didocation density

interlayer thickness (note that in Cheapter 6, this refers to hdf the
interlayer thickness)

glide diocation strength

dimb didocation strength

vaidles for the interlayer/substrate used in  displacement

cdculations of AppendicesC and D

length of corner crack dong plate depth, or point of separation of
interlayer and hdf plane

factor in interface didocation dress cdculaion




Notation

DL/S

EL/S

f1
f2

G( ,y)
g

- — %
o

3T X X X X X
(@]

Z S

vaidbles for the intelayer/subsrate used in  displacement
cdculations of Appendices C and D

Y oung's Modulus

Young's Modulus of the interlayer/subgirate (haf plane)

coefficient of friction

Coefficient of friction between the rigid punch and the interlayer
Coefficient of friction between the interlayer and the hdf plane
influencefunction

Fourier transform of the Airy stress function

relative shear displacement

triangular digribution

distance of edge crack mouth from the centreline of a punch

relative norma digplacement

integer variadle

integer varigble

Bessd function of the firgt kind, of order zero

Waebull digribution parameter, or, yied strength in pure shear

influence function, or generic expresson for a dress intendty
factor

stress intendty factor & the end of a corner crack defined by
dmendona

dress intendty factor at the end of a corner crack defined by
dimensdonc

mode | sress intengity factor

mode Il stressintengity factor

design mode | gtress intengity factor

critical dressintengty factor

threshold dress intendity factor

member length

Waelbull digtribution parameter

subcritical crack growth congtant, or integer for solution routines
direct traction, or integer for solution routines




Notation

N,,, N;,,N,, factorsfor interface disocation stress calculation

P

P

survival

P

total
R

Po

p(X)
p.(1)

q(t)

A,

goplied load, or, probebility of survivd, or, factor used in
caculation of interlayer stresses and diplacements (Appendix D)
probability of surviva

total probability of surviva

probability of survival under a uniform gpplied sress

height of triangular eement of pressure

gpplied contact pressure

cosine Fourier transform of applied pressure

factor used in cdculation of interlayer dresses and displacements
(Appendix D)

shear traction

factor used in cdculation of interlayer sresses and displacements
(Appendix D)

measure of the “fit" of atrendlineto data. R*=1 implies perfect fit
design action

radius from crack tip

section or materid drength, or, shape factor, or, shear traction, or,
factor used in cdculation of interlayer dresses and displacements
(Appendix D)

trangtion point from gick to dip on interlayer/hdf plane interface

factor used in cdculation of interlayer dresses and displacements
(Appendix D)

time, plate thickness or integration varigble

timetofalure

factor used in cdculation of interlayer dresses and displacements
(Appendix D)

coordinate of didocation aong crack length
digplacements in the xand y directions

veticd displacement on the upper face of the interlayer due to a
centraly located triangle or pressure, relative to the origin

find digolacement under the rigid punch




Notation

u veticd displacement dong the top of the interlayer due to the

primary
fundamenta solution
U, (X,X) verticad displacement of the interlayer upper surface rdaive to the

origin due to atriangle centred on the point X = x

u, vertical displacement due to a triangle of pressure centred on the
aign

Uy veticd digplacement on the surface of the hdf plane due to a
centraly located triangle or pressure, relative to the origin

\% factor used in cdculation of interlayer stresses and displacements
(Appendix D)

% geed of subcriticl crack growth, or, coordinate of collocaion

point dong crack length
v, reference subcritica crack growth speed

w punch hdf width

W, half width of triangle of pressure

X globd axis

X locd axis

X locd axis

Y geometric factor in fracture mechanics caculations
y globd axis

y locd axis

y locdl axis

a Dundurs congtant, or, integration variable

b Dundurs' constant

D displacement

d(x) Dirac ddtafunction

X length varigble

F.,s Airydressfunction for the interlayer/substrate

=~

(3- 4n) inplanedrain, (3- n)/(1+n) in plane stress

=~

Us k for theinterlayer or subgtrate (haf plane)
I Fourier trandform variable
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Notation

f (u)

comp

raio of shear modulii

cgpacity reduction factor, or, angle aound dlipticad crack, or,
Muskhdlishvili potentid

function used for quadrature solution technique

cgpacity reduction factor for resdud stressin toughened glass

cgpacity reduction factor for compresson loading

gened angle or, angle of indingtion of crack to the surface
normal
angle of inclination of segment 1 of a kinked crack to the surface
normal

angle of inclination of segment 2 of a kinked crack to the surface

normal

dress

dress due to adidocation

maximum stress along member length

surface resdud sressin toughened glass

normal stress on theline of acrack in its absence
meagnitude of uniform compresson fidd

rate of sStressincreasein tensletest

shear stresson theline of acrack in its absence
design stress

shear stress

Poisson’sratio

Poisson’sretio of interlayer/subgrate (haf plane)
shear modulus

shear modulus of the layer or subgtrate (haf plane)

vii



Chapter 1: Introduction

Chapter 1

Introduction

Traditiondly, the use of glass in buildings has been limited to windows (see
Fgure 1.1). Usd in this way glass is subject only to trandent wind loading and
its sdf weight, conditions where its brittle neture and varigble drergth are not
sgnificant. However, over time interest in using glass in congruction has grown.
Architects, fascinated with the concept of a transparent building, increesed naturd
light levels or an open work environment, have used glass in greater and greater
quantiies  The mogt obvious example today is the fully glass dad moden
kyscraper.  With these devdopments the size of the glass pandling used has

increased and the method of connection has become more complicated (see Figure
1.2), but the way in which the glassis loaded has remained essentialy the same.

Figure 1.1 Traditional glass uses
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Figure 1.2 Modern glass usage

In recent years desgnes have begun to use glass in much more sructurd
goplications.  Ingtead of panes of glass being supported on metd beams and
columns, glass is now beng used to support itsdf through glass dructurd
members. The aesthetic result is a totdly trangparent Structure (see Figure 1.3).

The engineering conseguence is that the glass must now sudan long tem, in-

Figure 1.3 New glass structures

The properties of glass are such thet it seems to behave quite differently when the
loading is long term rather than short term and trangent.  In fact, the glass gopears
to become weaker as the duration of loading increases.  This problem has been of

little importance to treditional desgners for whom the maximum load period is a
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severd second wind gus.  For the new applications, however, it is crucid to the

design.

Orne might ask why glass is used in these new gpplications if it is so badly suited
to them. The basic answer is cost. Glass is a mass produced product with chesp
rav materids, and is therefore one of the chegpest fully transparent materids
avalable For example, the cantilevered sructure shown in Fgure 1.3 had some
acrylic maerid induded in the plies of the beams to provide a degree of ductility
in caxe of falure Although the volume of glass used in the other plies and the
roof sheeting greatly exceeded that of the three individud acrylic plies it was the
cost of the acrylic which was greater. It can therefore be seen that glass is a
crucid materid if the new trangparent architecture is to be widespread, because of
its price. The cot is that a new structural design philosophy must be developed to

acocount for the new application.

A dealed description of the properties of glass and its behaviour is presented in
Chepter 2, but a brief account is given here for darity. The term “glass’ is often
gied in the materids sciences to mean any substance which does not exhibit
long range order on the molecular scde.  In this thess the tem “glass’ shdl
correspond to the popular understanding of the word, which is the substance
which is used in windows This sodalime dlica glass is a solid, non-cryddline,
britle materid. It is pefectly linear dadtic until falure, with a Young's modulus
of 70MPa, smilar to that of duminium. Its falure is governed by fracture, which
occurs a cracks on the glass surface. In most cases these cracks are too small to

be seen by eye. Owing to variation in the sze of the cracks there is variation in
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the falure dress Vdues for short-term drength might range from 20-200MPa.
Glass ds0 undergoes a loss in drength with duration of loading, which is
commonly referred to as “ddic fatigue’. The long term drength of glass is often
quoted in the range 7-20MPa This variation in srength depends on a myriad of
factors. It is predominantly affected by the surface finish but is dso influenced by
glass type, environmentd conditions (especidly humidity), production effects and
others  Essatidly, glass is highly predictable under norma operation, but the

point at which failure occurs can gppear quite random.

The literature concerning the materid properties of glass is extensve.  Griffith
(1920) presented experimentd results on glass with introduced flawvs of various
Sizes to show that it was the flaws which determined the strength of the glass. His
work is the faundation of moden fracture mechanics, which is the fidd that is
used to describe glass falure in the materid sciences Due to the perfect linear
dadic behaviour of glass it has often been the maeid of choice for
expaimentdids when invedigaing fracture mechanics. This means that
condderable information on glass is avaldble  Much of this informetion is

presented in Chapter 2 and will not therefore be reproduced here.

Until recently there was little informetion publidy availadble on dructurd design
of commercid glass This was due to compstition between glass manufecturers
who dso peformed mogt of the engineering design for glass in dructures A
mgor advancement in public glass engineering theory came with the paper of
Beason & Morgen (1984). This paper focused on laed loading of glass plates,

a wind-loaded building dadding waes the main use for glass a this time The
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work of Beason & Morgan became the bass for many glass design codes around
the world. Laer modifications wae suggested, such as by Fischer-Cripps &
Cdllins (1995 and Sedacek et al. (1995), which account for more locdised
loading conditions and more accurate fracture mechanics phenomena.  The mogt
recent method, proposed by Overend et al. (1999), dlows for any load, support
and plate geometry through the use of an equivdent stress procedure. The various
design methods and scarce public information on glass have been collected in a
sngle volume by Jofen (1999). All of this previous work, however, has been

tailored to gpplications of pands of glass being loaded out-of -plane.

The work on glass & The Univerdty of Oxford began when an engineering
consultancy approached the Civil Engineering Depatment seeking assgtance with
a dructurd glass design. At this early stage the research comprised a number of
fourth year undergraduate projects. Invedtigations of in-plane glass beam
bending, column compresson and contact loading were conducted. The
vaidbility in glass falure drength was demondraied by Far (1996) who loaded a
series of annedled and heat toughened beams in bending. Strength variability was
dso encountered by Wren (1998) who tested cylindrica glass columns.  In his
experiments Wren dso had to ded with a new problem: falure originding at the
connections.  Scarr (1997) invedtigated the stresses which occur due to a bearing
pad connection (dmilar to that shown in Figure 14). It was shown tha the
indbility of glass to redidribute dresses pladicaly results in high locd dresses
due to contect loading. A series of different bearing materids was used. It was

found that meterids of low Young's modulus were mogt efficient a trangmitting
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the gpplied load evenly to the glass. It was dso noted that smdl imperfections on

the surface of the glass can grestly affect the resulting stress profile.

Column

end Beam bearing
bearing

ST 1 4+ —— Bearing pad Rigid packers

Figure 1.4 Glass being supported on pads

The projects described above focused on determining the srength of glass and the
sresses developed within it under certain loading regimes.  In his M.Sc thess,
Crompton (1999) dudied a number of desgn theories and their gpplicability to
glass  This theds therefore represents the first red comment on glass design

methods from the work conducted at Oxford.

Crompton dudied the various desgn philosophies that have been widdy used in
Sructurd  Engineering over the last century. These induded Permisshle Stress,
FPadic and Limit State Desgn theories He followed their development with the
mgor condruction maerids ded, renforced concrete, masonry and timber.
Crompton commented that Limit State Design was a derivative of Plagtic Design,
and therefore had an empheds on ultimate load and drength. He showed that its
goplication to masonry was not rigorous, as masonry rardy fals due to being
over-gresed, but more frequently as a result of dability issues  Stability, as with
other nondress reated actions is poorly incorporated into current Limit State

Desgn methods. Crompton proposed that of the four mgor condruction naterids
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lided above, glass was most Smilar to timber. This was manly due to the
variability in brittle falure dress for both maerids  Indeed, Crompton concluded
that of the present desgn methods avalable a Permissble Stress desgn smilar to
thet used for timber was preferentid to a sress based Limit State Method as used

for stedl or concrete when dedling with glass.

Crompton (1999) dso went on to invedigate a topic of current interest in glass
engineering: dternaive load paths It is common in glass condruction to use
more than one glass member in esch dructurd dement, resulting in the
widespread use of multiply beams for example. Since glass is a brittle materid,
the falure of any sngle dement could lead to globad dgructurd falure unless
dternative load pahs are provided. The consequences of falure are another
resson for this added redundancy. Should the sole load path fal then overheed

shards of glass could fdl and serioudy injure people below.

In his invedigation Crompton Sudied the case of a multi-ply beam with a condant
overdl width. The same probabiligtic drength daidticad parameters were applied
to each ply in the glass member. It was shown tha as the number of plies
increased, the probability of falure under a given load decreased. Hence, having
dterndtive load paths provides greater safety in design and is more economicd, as
the volume of glass required for a paticular sress and probability of falure

reduces with increasing plies.

The thess presented here is mainly concerned with anneded glass being loaded

inplane. In practica terms in-plane loading means that it is the edge of the glass
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member which experiences the grestest dresses, such as the bottom face of a
smply supported glass beam. Glass is often heat or chemicdly drengthened to
provide a layer of compresson over its suface.  Although aspects of this ae
discussed, the focus here is on the basc anneded dae of the glass More generd,
locdised resdud dtresses are dso omitted in this somewhat prdiminary  treatment

of dructura glass.

In the fird pat of this thess a new desgn philosophy for glass is proposed.
Teamed “Crack Sze Design”, it adepts conventiond limit state design concepts to
fit the properties and behaviour of glass. In the firgd indance this method is
devedoped for uniform tenson dong the glass edges, and for cracks of uniform
depth extending across those edges.  The method is then broadened to incorporate
more practicd loading and cracking petterns. It should be noted that Crack Size
Desgn, and indeed this whole theds is focused on designing for maerid failure
of glass dements. Member falure modes, such as buckling, are well documented

for linear dagtic maerids, and are independent of the variable strength of glass

In the traditiond uses of glass (see Figures 1.1 and 1.2) the compressve loads
encountered are modest, and generdly smilar in magnitude to the tendle Stresses
likdly to be generated. Since glass falure arises at zones of tenson it is therefore
the tendle stresses, rather than the compressve ones, which are critical in design.

In the new gructurd glass applications, grester concentrations of load are found in
compressve members, such as columns.  Hence, an understanding of the falure
mechanism in the abosence of globd tendle dtresses is required in order to develop

a rigorous desgn method for these membeas A mahemaicd andyds of
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compressive falure in an infinite plane has only been dedt with redively recently
by such authors as Ashby and Hdlam (1986) and Vaughan (1998), dthough
expaimenta investigaions of the falure mechanism ae somewhat older, for
example Hoek and Bieniawski (1965). In this thess the falure mechaniam is
goplied to edge cracks in compresson, as edge cracks are criticd in Sructura
glass. This is done through a rigorous fracture mechanicad andysds usng a novd
technique based on didributed didocaions. The results ae used to describe the
behaviour of glass in campresson and hence to formulae a design method

consgtent with the main Crack Size Design method described earlier.

The second section of this thess deds with connection design. Connections are
more important for glass than for other maerids because of its brittle nature.  Due
to the absence of plastic flow, the dress concentration which occurs a the
connection cannot be relieved. To reduce this concentration it is normd for a
layer of “soft” materid to be insarted between the glass and the gererdly hard
connecting piece, which might be a metd pin or support pad. The cae of a
support pad arangement is focused on in this thess, represented as a rigid punch
with sguare ends, loading the glass via an intelayer of varying materid properties.
This might arise in the case of supports for beams or columns, as shown in Figure
14. Two indances are conddered: in the first ingance the interlayer is assumed
to be pefectly rigid plagtic with a low yidd dress.  In the second ingtance the pad

is assumed to be linear dadtic, with alow Young's Modulus.

In traditiond Civil enginexring desgn with ductile maerids bearing connections,

such as those shown in Fgure 14, are often desgned by smply assuming an even
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digribution of “bearing’ dress dong the pad length. Owing to its brittleness, this
is insufficient for glass and so a more rigorous andyss of these contact stresses is
required.  Since a fully threedimensond solution would be computaiondly
expendve, vaious dmplifying asumptions ae made which leed to a two

dimensond andlysis being undertaken here.

In the case of the rigid plagtic interlayer, a dip line fied theory gpproach is usad to
determine the contact loading. For the dadtic interlayer, stress functions for the
layer and hdf plane are used to cdculate the contact stresses.  This is done for dl
possble combinations of full adheson and lubrication on the top and bottom faces
of the interlayer. Didributed edge didocations are then introduced to dlow for a

finite degree of friction on the hdf plane surface.

The dress profile results for the glass due to the contact loading show tha the
interlayer achieves its god of reducing the possble sress concentrations and
diminging tenson.  The work on compresson loading of coumns in the
literature demondrates that there need not be a globd tendle dress for brittle
fracture to occur. It is the presence of a crack, and its behaviour in the gpplied
dress fiddld which determines fallure.  The fracture medhanicd andyss used
ealier for compresson loading is applied later to the contact dresses of the
interlayer connection. The results are used to interpret the Crack Size Design

method in a manner relevant to this connection detail.

Although dructurd glass desgn wes the impetus for the compresson and

connection andyss, the work dso has a more generd goplication to other

10
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Stuations encountered in fracture and contact mechanics  The solutions to the
problems ae vdid, and computationdly efficient, for any liner dagic maerid
being loaded under the prescribed conditions  In many cases the solution method
is described 0 that it may be aplied to any spedified dress profile  Some
problems, such as the growth of cracks in compressve dress fidds, are gpplicable
to other gtuations, such as squat cracks in ral heads.  Findly, the manner in
which the digributed didocation method is applied is dightly different from the
traditiond usage (Hills et al., 1996), which may be of more gened interest to

researchersin the fidd of fracture mechanics.
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Chapter 2

Development of Crack Size and Limit State Design

Methods for Edge-Abraded Glass Members

2.1 Introduction

Design codes for commonly used sructurd materids (e.g. steel or concrete) make use,

ather explicitly or implicitly, of an assumption thet the materiad has a certain ductility. The
use of glass as a structurd materid is increasing, and o design methods for structurd

glass are being developed (Jofeh, 1999). Glass, however, is a materid which exhibits no
ductility whatsoever, and o it isimportant to question whether design methods for glass
should be based on the same concepts as those used for other structural materids. The
purpose of this chapter is twofold. Firdt, it is demongrated that the observed variability
in the strength of glass is entirdly explained by fracture mechanics, and that underlying
this variability is in fact a true materid congtant, the criticd dress intendty factor.

Secondly this result is built upon to suggest a new framework for design with structurd

glass. Much further work would be required on the details of such a framework, but an

outline of the basic conceptsis given here.

The particular case addressed here is the use of flat glass in along-term structural load

bearing capacity, such as in beams This use may result in higher and more varigble
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design gtresses than those encountered in glass plates. The use of glass in this way has
some Smilarities to the use of sted, in that both materids are used to form skdetd
structures, unlike concrete, which is used more in monalithic components. The similarity
in application of the two materias has led some practisng engineers to adopt design
methods for glass based on the approach used for stedl. The result is that the concept of

adesign or dlowable gress has arisen when designing with glass.

The design dtress for stedl is based on its yield stress, which is a well-defined va ue thet
is highly repestable between materid tests. Such a dependable vaue is not available for
glass. The question “What is the strength of glass?’ or “What alowable stress can be
used when working with glass?’ often arises. When people ask such questions, the
answer usudly is thet there is no Sngle, minimum srength for glass. Manufacturers have
charts which give probabilities associated with given stresses, and often answer such

questions by saying for example “Y ou can have 95% confidence that the glass will have

adrength of at least 30MPafor the next five years'.

The dress which the glass manufecturer gives the engineer is no longer a materid
condant as it is for stedl. The designer finds that the dlowable stress is now combined
with a probability of falure, and both vary with time. Yet the method of dlowable
stresses and the process of borrowing sted design philosophy persists, despite the fact

that the fundamental material basis has changed.

This chapter shows how the strength properties of glass rdevant to structural engineering
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can be completely explained by considering the cracks that are present on its suface. It
is common for structural glass dements to have ground edges. The resulting crack
patterns are used as the bags for a fracture mechanics anadysis. The role of this “Crack
Sze Desgn” in the wider limit date desgn method is then explored. The differences
between Crack Size Design used for structurd glass members and exigting strength

models used for glass plates are outlined.

This chapter considers only glass subjected to tension, athough the concepts presented
may also be applied to other actions such as compression and bearing. It does not dedl

with the buckling of glass, which isindependent of the stress at which fracture occurs.

2.2 Fracture and the observed strength properties of glass

Glass is a perfectly dagtic maerid, and fails by brittle fracture, exhibiting no ductility
whatsoever. The Crack Size Design method proposed in this chapter is based therefore
on the fracture mechanics of dadtic materids. To have confidence in the theory it is
necessary to show that dl the experimertaly observed strength characteristics of glass

can be explained by thistheory.

2.2.1 Rdevant fracture mechanics

Griffith (1920) proposed the concept of fracture based on surface energy concepts
around cracks at which failure initiated. He performed experiments on glass specimens
with known initid macroscopic crack szes, and these experiments showed good
agreement with his theory. lIrwin (1957), and others, modified Griffith's gpproach to

develop a dress intengity factor model. According to this modd, glasswill fall whenthe
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stress intensity factor K| reaches acritical value K . Itisaso arequirement that the
sress intensity factor increases as the crack propagates, which is vdid for most
structura ergineering gpplications. The generd relationship between the dtress intendity
fector, the gpplied far-field tensle stiress normd to the crack s and the crack half-szea
present is given by equation (2.1) (Anderson, 1995). The factor Yis discussed in later

sections.

K, = Ys/pa 2.1

Griffith’s originad 10 data points can be converted, using the above formula, to stress
intensity factors a falure These give a reasonably congant vaue of
K,c =0.47 MPam'2 Hence Griffith's data shows that macroscopic cracks in glass
obey the modern theory of fracture. Modern soda-lime slica glasses have a higher
aritical stress intensity factor of 0.75 MPam’?, due to different chemical composition

resulting in higher glass strength.
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Hackle
i -

Mirror

Mist \ Initial flaw
Figure 2.1 Glass failure origin
The theory of fracture at the macroscopic scde is equaly vaid for the microscopic
cracks that are found in norma glass. Levengood (1958) conducted an extensive series
of tests on regular sheet glass (80 specimens). Each specimen was investigeted after
falure in order to find the crack a which fracture initiated. The mirror radius (the
definition of which is shown in Figure 2.1) of each failure origin was measured, and
compared with the falure stress s. Further investigetion of the falure origins dso

reveded a relationship between the mirror radius and the Sze a of the origind crack.

The result was the linear relationship as shown in Figure 2.2, where the straight linefit is

given by s+/a =0.579M PamY2. This result is consstent with equation (2.1), and

supports the theory of fracture a a critical stress intensity factor. In order to do this, a
vaue of Y isrequired, and this in turn requires some smplifying assumptions about the
shape of the cracks. We assume that the cracks are semi-circular in shgpe and that the
crack depths are negligible compared to the glass thickness (the spread in data points

shown in Figure 2.2 may be due to variaions from this semi-circular assumption). For

16



Chapter 2: Development of Crack Size and Limit State Design Methods for Edge-Abraded
Glass Members

this case Murakami (1987) gives Y = 0.75, which leads to a critica dtress intensity
factor of 0.77 MPam? for Levengood's glass. This compares well with the modern
value of 0.75 MPant'2. The smdlest crack sizes considered by Levengood were of the
order of 0.003mm, while the largest cracks congdered by Griffith were 22mm.  This
demongtrates that fracture mechanics accurately describes the short-term strength of

glass with cracks of widdly differing Szes.

0 0,004 0,008 0012
Yaim'™)

Figure 2.2 Experimental data from Levengood (1958)

2.2.2 Variability in the short term strength of glass

It is well known that the srength of glass under short term loading is not congtant.
Numerous works (for example, Phillips (1972)) have shown that the strength distribution
of a st of smilar glass gpecimens is modelled well by a Weibull digtribution. This is
based on the weakest link principle (Weibull, 1939), and is thus appropriate to glass as

itisonly & asingle critica crack location that failure originates.
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The digtribution of cracks n glass and their Szes is quite variable. It depends on the
handling of the glass after production, the orientation of the glass sheet in the production
process and any other number of factors. Indeed, manufacturers find that there is even
variability between sets of glass which have come from the same production line, but
which were made a different times. If we accept the variability in crack size, then
equation (2.1) shows that the falure dress will vary accordingly. This explains the
inherent varidality in the short-term strength of glass, and highlights that it is not the

materid itsdf, but the cracks on its surface which are variable.

2.2.3 Crack growth

When a piece of glass with a pre-existing crack is subjected to a stress less than that
required to reach K, the crack will grow with time. Figure 2.3 shows experimenta
data (Weiderhorn & Bolz (1970), Evans (1972)) for crack speeds where the stress
intensity factor is less than the criticd value K¢ for various environmenta conditions.
Figure 2.4 shows an idedisation of the experimentd results. This idedisation was first
suggested by Wiederhorn & Bolz (1970), and it was later shown by Evans (1974) that
the experimentd data gave a best fit when both axes are on a logarithmic scde, as
shown in Figures 2.3 and 2.4. Figure 2.4 shows three digtinct regions. Lawn (1993)
discussed the graph with particular reference to the environment during loading. In dow
crack growth it has been found that weter is the principle corrosive agent. Indeed,
Figure 2.3 shows that testing specimens in water resulted in much higher propagation

Speeds than when testing in dry air. Thevaue of K inFigure 2.4 isathreshold below

which no dow crack growth occurs, and its vaue is a function of the humidity and

18



Chapter 2: Development of Crack Size and Limit State Design Methods for Edge-Abraded

Glass Members

temperature during loading. Region | is shown as a sraight line with a dope which dso

depends on the environment. Region |1l shows ancther linear relaionship which

corresponds to the crack propageation rdationship for glass in a vacuum. As the crack

speed increases the supply of OH ions in water to the crack tip tends to zero, thus

making the crack growth behaviour revert to that in a vacuum. Region Il is a trandtion

zone between regions | and [11, and is again dependent on the environment.

Crack Speed, v (m/s)

ik Lime (A in Distiled Wiatsr,

258 (Evans, 1972}

Soda Lima Glerss in'Wekar, 250

(Wiederham, 1970]

-eeee SodE Lime HEss in 0F% Relaive
Humidity, 288 {Wigdarbarn, 19710

[

K

oz o3 04 o5 (13 oy op 0@ 10

Siress Infensity Factor, K (MPa.m'™)

Figure 2.3 Slow crack-growth speed data

K. K. K. logk
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Figure 2.4 Idealised crack propagation speed versus stress intensity

Crack speeds in regions Il and 111 are very high, so that dow crack growth in these
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regions leads to falure in a matter of seconds. Since Structurd engineering projects are
generdly expected to last for decades, it seems reasonable to base design solely on the
dow crack growth of region I. The common expression for the rate v a which this

region | growth occurs is shown in equation (2.2) (Lawn, 1993), where K, and K
are as defined above, and vy and n are condants for a given set of environmental

conditions.

%K ..N
v=y L2 (2.2
gch @

224 Saticfatigue

The duration for which a constant stress can be sustained by a piece of glass reduces as

the gtress increases, as shown in Figure 2.5. This decrease in gatic strength with time is
usudly referred to as“ Satic fatigue”.

Strength (o)

L

M

Figure 2.5 Variation in strength with duration of loading

[

Tim; (t)

During loading the crack Size increases at a rate described by equation (2.2). Over time
the critica crack grows to such an extent that, under the gpplied load, the stress intensity
factor reaches the criticd vdue and failure occurs. Figure 25 is an idedisation of

experimental results (Charles, 1958). Empirical relaionships are usudly fitted to the data
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in the form:

st = congtant (23)

Equations (2.1) and (2.2) can be combined, asin Appendix A, to give

st =

BKic 0 (2- )2 (- n)2 .
(n- 2)V0 gYJBE’ (ao a ) (24)

where a,= theinitid crack 9ze

The right hand sde of equation (2.4) is congtant except for the term in a. Thisis the
crack size at falure and depends on the applied dress. However, if the duration of
loading is nat negligible, then the find crack sze will be Sgnificantly larger then the initial
crack size, a,. Since the exponent (2- n)/2 typicaly takes avalue around -7, thefind

bracketed factor is dominated by the term in ag . Since thisis a constant, the right hand

Sde then reduces to an dmost congtant value. Comparing equations (2.3) and (2.4), it
can be seen that the observed variation of strength with timeis entirdy explained by the
equations of crack growth, and the exponent n in equation (2.3) obtained from

experimental work is the same exponent asin equation (2.2).
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Figure 2.6 Results and predicted values from Sglavo (1997) for applied constant stress
versus time to failure

Sglavo (1997) did extensive work on the long-term and cyclic strength of glass. A series
of glass rod beams with uniform initid indentation cracks were tested in bending. For
this case the equation for the dtress intensity factor is different from equation (2.1), due
to the crack geometry and residual stresses. The results of these tests are shown by the
points in Figure 2.6. Also shown on the same plot is the line representing the predictions
of dow crack growth modd of equation (2.2). There is good agreement between the
experimental and predicted results, hence verifying equations (2.2) and (2.4). Thereis
therefore good experimenta evidence to show that the model of dow crack growth of

equation (2.2) isvdid for glass and that it describes the process of datic fatigue.

2.2.5 Minimum long term strength
Equation (2.3) suggests that, even for a very small sress, there will gill be dow crack
growth and a corresponding degradation in srength over time. This is not observed in

practice. It has been demonstrated (see for example Wiederhorn(1970)) that there is a
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dress intengity factor below which dow crack growth does not occur. This threshold

dress intensity factor K, is shown in Figure 2.4. This property is reflected in Figure

2.5 by the strength becoming constant for very long time periods.

It isimportant to note that the minimum strength of glass is related to a threshold stress
intengty factor, rather than a unigue minimum dgress. If the initid crack size is known
then a minimum long-term stress strength can be determined. If, however, during the
loading history of the member this stress is exceeded, then cracks will grow, resulting in

alower subsequent minimum strength, even if the stress then revertsto itsinitia vaue.

2.2.6 Cydicloading

In many materidsit is found that cydic loading at loads lower than the ultimate strength
will ill causefailure. Is this the case for glass? One possihility is that the effects of cydlic
loading are smply represented by the agppropriate growth of cracks during each

goplication of loading.
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Figure 2.7 Cyclic fatigue test results and predicted values in terms of cycles to failure
against applied maximum stress (after Sglavo (1997))

23



Chapter 2: Development of Crack Size and Limit State Design Methods for Edge-Abraded
Glass Members

Cydic loading of glass was congdered by Sglavo (1997). Figure 2.7 shows the results
obtained in comparison with predictions. The predicted failure values are based on dow
crack growth occurring during each cycle of load in accordance with equation (2.2).
Figure 2.7 $hows good correlation between the experimental and predicted results and
verifies that the dow crack growth approach is vaid. This demongrates that there are
no additiona cydlic loading effects which need to be accounted for in design. This
contrasts wth the behaviour of some other materias, where the process of cycling

proves to be more destructive than the straightforward application of agtatic load.

2.3 Edge cracks due to grinding

The edges of glass members are usudly ground to remove mgor flaws and reduce the
vaiation in crack szes dong the cut edges. The result is that the average strength is
reduced but it becomes more consistent. The process involves aorasion of the glass by
grinding whedls. Wheds of various roughness are used, depending on the qudity of

finish required. The glassis moved over the whed o that it isin aplane perpendicular to
that of the grinding whedl. The result is that the scratches produced extend from one side

of the edge to the other.
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Figure 2.8 Typical edge condition of glass after grinding

Figure 2.8 shows a typica scratch pattern produced by grinding, with scratches
extending across the whole width of the edge. The two areas of unscratched glass are a
result of local "troughs' formed during the origind cutting of the glass. Individud lines can
be seen which confirm the cross scratching nature of the abrading process. The
implication is that the resulting cracks are edge cracks with a reasonably constant depth
across the width of the plate. This information is of use because it means that cracks
may be characterised by only one unknown dimension, their depth. 1t will be shown later
how this is advantageous. In analysing such cracks using fracture mechanics the factor Y
of equation (2.1) takes avaue d 1.12. Grinding may leave resdud stressesin the glass
which would dter the vdue of Y. Further work is required to establish this, but for

current purposes it will be assumed that an unmodified Yis correct.

2.4 The basis of “Crack Size Design”

The drength properties of glass rdlevant to sructurd engineering have now been
explained by the role of cracks in glass and by use of fracture mechanics theory. Itis
proposed here to use this result to develop a structural design method for glass, cdled

“Crack Size Design’.

In Crack Size Dedign it is assumed that “design cracks’ are located at dl critica points
in the dructure, such as in regions of maximum tenson. This provides the two

components required to evaluate the strength of glass: the critical crack sze and the
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applied gsress. The manner in which the strength criterion is expressed is discussed |ater.

Cracks grow over time as described earlier. Thus, throughout the life of the structure,
there will be a gradua enlargement of the cracks, which will reduce the strength of the
dructure. To dlow for this the design crack sze must be modelled over the whole life of
the structure. For each period of |oading the strength of the Structure is assessed on the

basis of the maximum design crack Sze and stress for that period.

The equations used to modd crack growth are given in Appendix A. It should be noted
that if the stress intengity factor a the start of aloading period is less than the threshold

value then no sub-critica crack growth will occur.

In Crack Size Design it is assumed that the weakest part of the member (corresponding
to the location of the largest cracks) coincides with the location of the highest stresses.
This is inherently conservative, but is not without precedent. Concrete aso displays a
variable strength: when designing with concrete the strength is taken at a value which has
alow probability of occurrence. This conservative design strength is then applied to the
whole structure. Hence, this aspect of Crack Size Designis dready in widespread usein

current structural engineering design.

2.5 Material and design constants used in Crack Size Design

251 Material constants

Only four materia properties are required to design using the crack size method. The
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firgt isthe critica Stressintensity factor K . For sodalimeslicaglass K | istypicaly
0.75 MPa.m"?, This vaue is a materia constant and introduces a degree of certainty
into design. For a given crack size the strength of a piece of glass can be determined
with high confidence via the sress intengty factor. This dlows us to move away from
probabiligic alowable stress concepts.  The critical dtress intengity factor gives the
criterion for sudden failure. The materid congtants involved in dow crack growth are

Ko Vg ad nasshownin Figure 2.4 and equation (2.2).

Figure 2.3 showed crack growth velocity data from two different sources. There are
two lines representing glass tested in water at 25°C, but these two sets of data till differ.
Evans (1972) showed that the differences are not due to inconsstencies in experimental
procedures, but rather between the types of glass and water used. Evans used didtilled

water, while the exact chemistry of the water used by Wiederhorn(1970) is not known.

Figure 2.3 shows that K | for glassin water can range from 0.18 t0 0.23 MPant’. A
vaue of 0.2 MPa.m? is often used. Also, by extrapolating the region | linear portion of
the graph to the K¢ line the range of v isfound. For dry air (0.2% humidity), vg is
of the order of 3" 107> s When glassisimmersed in water v, can riseto 0.02 /s,

For the normal use of glass v is often taken as 0.0025 m/s.

It was shown earlier that the constant n in equation (2.5) is the same variable as that
used in equation (2.2). Charles (1958) performed extersive experiments under various

environmental conditions and found for a relative humidity of 100% that n was
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consggtently 16. This vaue may vary between 12 and 20 for other vaues of humidity,
but 16 is generdly accepted as a representative value. Lower vaues of n are

gppropriate for amore aggressive environment.

The four materia properties required for crack size design: K¢, Ko, naxd vy will

be materid congtants for a given type of glass and design environmental conditions.

2.5.2 Design constants

2.5.2.1 Initial crack size

The proposed design approach relies on the anadysis of cracks in glass. Hence, to begin
the design we mugt have an initid design crack sze. There is negligible literature
available on the typicd crack szesin glass a the start of a structure's life. However,
there is ample experimenta data on the short-term strength of glass, which can be re

interpreted for this application.
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Figure 2.9 A typical Weibull strength probability plot for glass

Probabiligtic glass strength data is generdly presented using a Weibull digtribution. A

typica example is given in Figure 2.9. From such a grgph it is possible to determine a
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stress for which there is a particular probahlity of surviva. For example, of the family of
glass specimens tested, there is a 95% probability of survival under an gpplied stress of
20MPa. The stress of 20 MPa can be converted by the critical stress intensity factor
and equation (2.1), to find the crack size which initiated falure. Since we are assuming
edge cracks due to grinding, there is only one crack size variable to be determined
based on the strength data: the crack depth. There is a 5% chance that this size of crack
will be exceeded in the given sample of specimens. This dlows a choice of an initia

crack size for an appropriate design probability of surviva.

It is unlikely, however, that the area of glass tested will be the same as the area of glass
to be used in the structurd member, so it is necessary to account for area effects. These
are discussed by various authors (Sedlacek et al. (1995), Fischer-Cripps & Callins
(1995)). Equation (2.5) gives an expression for the initia crack sSze g, asafunction of
the dedred surviva probability P, the loaded edge area of the member A, Weibull

digtribution variables (k and m) and the fracture mechanics quantities defined earlier:

a,=hic 02 KAQ (25)

The derivation of equation (2.5) s given in Appendix B. It isimportant to note that the
Weibull variables must be derived from tests relevant to the gpplication of the glass, that
is from experiments on edge aoraded members. The surviva probability P is then the

main variable which affects the materid strength for the whole life of the structure.
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It is important to note that the stresses obtained from a Welbull digtribution of initia
crack sizes, such asin Figure 2.9, are not congtant for glass of a given type. They vary
with time (3nce cracks will grow), environment and the different initia crack digtribution.
Thustheinitia design crack size will not be congtant for al projects, but will need to be

evaluated for every set of glassto be used.

For a crack which is perpendicular to the surface, the factor Y in equation (2.5) is 1.12.
When the crack isinclined to the perpendicular thisY factor varies. However, under the
uniform far-field tenson that is considered here, the inclined crack grows with a kink

which is perpendicular to the surface, as shown in Figure 2.10. Yingzhi & Hills (1990)
showed that such a crack orientation could be accurately modelled (that is, result in the
same gress intengity factor) by an equivaent perpendicular edge crack, as shown in the
figure. By considering dant edge cracks as equivaent perpendicular cracks they may be
incorporated into the method described earlier for determining an initid crack size for

design.

Original slant crack Equivalent perpendicular crack

\
< —>
Uniform
Tension
<« —>

Kinked growing crack

Figure 2.10 The slant edge crack and its perpendicular equivalent

2.5.2.2 Event crack size

If the design crack is modelled based only on the load history, no account is taken of
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possible random events in the life of the structure. Such events might include the impact
of arborne debris. It is proposed here that an additional “event crack sze’ be
incorporated into the design, most consarvatively at the start of the design life, to dlow

for events which occur independently of the load history.

2.6 Crack Size and limit state design
Every crack size design must begin with an anticipated design stress history s *(t). An
example of such a higory is shown in Figure 2.11. This, in turn, dlows us to establish a

design crack size history a* (t), based on slow crack growth theory, as shown in

Figure2.12.
o
t
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Figure 2.11 Example stress history Figure 2.12 Design crack size history

Now consder how these desgn histories relate to limit state design. The generic

requirement of design in limit state theory could be given as.

R*<fS (2.6)

where R* isan gppropriate measure of the design action on the structure, including the

loads on the structure and factors which take account of uncertainties in loading. On the
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right hand Side f isa capacity reduction factor and S is the gppropriate section, member

or maerid strength.

The question now is “What are gppropriate measures of R* and S for glass?’. It was
shown earlier that the basic strength relationship, equation (2.1), incorporated the critical
dress intendty factor, the applied stress and the crack size. To fit Crack Size Design
into the limit ate framework it is necessary to identify which of these three components
will form the point of comparison between the Sructurd capacity and the gpplied

actions.

It was demongtrated previoudy thet, for a given crack size and applied siress, it is the
dress intengty factor which determines whether falure will occur. The critical dress

intengty factor K, is the materia strength property which remains condant as the

falure criterion throughout the life of the member, regardless of the combination of
goplied dress and crack sze. This suggests that the mogt rationd choice for Sin

equation (2.6) is K | , which isatrue measure of the materid strength.

The left hand Sde of equation (2.6) must now aso be in the form of a dress intendity

factor. Let us cal this the design stress intensity factor K| , which will be a function of

time

KT =Ys" pa* 2.7)
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This relationship combines the design stress and design crack size into asingle variable.

We can now express equation (2.6) in terms of stressintensity factors:

Ki £1Kc (2.8)

The left hand side of equation (2.8) represents the design actions on the structure,
including uncertainties in loading over the life of the member, while the right hand sde
gives amaterid strength which is independent of time. This strength criterion isillustrated
in Figure 2.13. Expressng the drength criterion as in equation (2.8) provides an
gppropriate method for incorporating Crack Size Design into limit state design methods.
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Figure 2.13 Stress intensity factor based design

2.7 Advantages of Crack Size Design

2.7.1 Increased certainty in design

At present glass designers have to make use of both a stress and a probability. They
know from testing that the glass they are using has, say, a 95% chance of surviva under
a given short-term gtress. For those designing for transent laterd forcesthisisal that is

required. For gtructural glass applications however, long-term strengths need to be
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conddered. This involves the use of a different strength and associated surviva
probability or various stages of the design life. Desgning with glass then becomes a

complex exercise in the use of probabilities and judgements of acceptable failure risks.

Usng Crack Size Design only one probabilistic caculation is required. Once an
acceptable filure risk for the whole life of the structure has been determined, a
detidticaly acceptable initid crack sze is defined. All subsequent design is then based
on this crack size and its implied failure risk, right up to the design life of the project.

Hence the need for repeated use of datisticaly determined sStrengths is avoided.

2.7.2 Possiblereduction in material testing cost

Since this design method is based on crack size, an appropriate materia test would be
to tes a piece of glass with a critical crack of known size. It would rapidly be
discovered thet the glass falure became highly predictable, as this test would smply

confirm the vaue of the critical stressintensity factor K ¢ .

A more gppropriate test is the determination of the crack sizes in a norma piece of
glass. Non-destructive testing, such as acougtic or therma methods, may become
available for investigating the crack Szesin large aress of glass. The use of these would
mean that many pieces of glass could e tested without needing to be broken. Hence
Crack Size Desgn would reduce materid testing costs by eiminaing the need for
extensve bresking and thus wastege of glass. By testing full size specimens, the practice

of basing design on Welbull statisticswould no longer be necessary, diminating one step
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in the andlysis and therefore rendering the process more accurate and religble.

2.8 Comparison with existing models

There are a number of exiding glass srength models (Beason & Morgan (1984),
Fischer-Cripps & Coallins (1995), Sedlacek et al. (1995) and most recently Overend et
al.(1999)). The differences between these models and Crack Size Design are related to
the different types of loading treated in each design method. The existing moddls are
primarily for plates of glass under uniform latera short-term pressures. Crack Size
Design is focused on glass beams, columns and struts in which sustained in-planeloading

may vary subgtantidly over time.

The plate modds do take some account of long-term loads, but not in a completely
rigorous manner. In some methods there is an implication that the long-term load is
congtant, while others incorporate varying stress levels, but not the corresponding
variaion in the minimum drength. For example, if the minimum strength is exceeded for
any period of time, by congtruction loading for instance, then dow crack growth will
occur. After this period of loading the minimum strength will now be lower then itsinitia
vaue, due to the larger cracks present. This subtiety is easily accounted for in Crack

Size Design but is neglected in the plate models.

Another advantage of Crack Size Design isthat it alows designers to work directly with
the dtresses obtained from dructurd andyss. The plate modes typicdly require

designersto convert design stresses to equivaent stresses as afunction of time period of
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loading and area of glass. No such procedure is necessary for Crack Size Design.

It is worth noting that gpproaches similar to Crack Size Design have been usad in
mechanical engineering for design againg fatigue, see for instance Hopkins & Rau

(1981) and Anderson (1995).

2.9 Extension of the Crack Size Design method to incorporate non-
linear stress profiles

When deriving the expression for the initid crack szein section 2.5.2.1 it wasimplicitly
assumed that the tendile stress profile dong the glass edge was congtant. Thisis because
the Weibull satigtics are derived from glass tested in uniform tension which, after being
modified for area effects, are then applied to the member being designed. In this section
this implicit assumption is investigated to determine whether a more accurate and
efficient method is possible for members that experience tensile stress profiles which are

not congtant in magnitude.

The measured falure strengths of a family of specimens are used to generate a survivad

probability curve with the following genera eguation.

P. —e kAs ™ (29)

Survival

where k and m are Weibull distribution parameters related to arefererce arealoaded in

uniform tenson and are the same as those given in equation (2.5) of section 25.2.1.
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Equation (2.9) can be used to extrgpolate the results from the reference area tested to

larger aress, A, of glass from the same famiily.

TheWeibull function of equation (2.9) gives the probability of surviva of apiece of glass
of area A under atensle stresss. Inthe Crack Size Design method it is recognised that
falure at the stress s results from the presence of a crack of a sufficiently large Sze, say
a. Hence, the Weibull didtribution is re-interpreted to say that P is the probability that
there will not be a crack greeter in Size than a present in the piece of glass of area A.
The Crack Size Design method then goes on to determine an initial design crack sze
based on an acceptable maximum probability of survivd. 1t is assumed that this criticd

crack islocated at points of maximum stress within the structure.

In the course of this investigation two loading Stuations will be consdered, uniform
tensgon and a parabolicdly varying tensile stress digtribution resulting from beam action.
For the uniform tension case there is no doulbt that the probability given in equation (2.9)
is accurate for the probability of surviva. However, for the parabolic case Crack Size
Desgn assumes that the critical initid design crack occurs a the midspan where the
dressis maximum. Since the cracks are randomly digtributed, it is equaly likely thet the
critica crack will occur esewhere dong the length of the beam where the Stresses are
less, implying that Crack Size Design is over-consarvative. This section amsto develop
methods by which the variation in stress can be incorporated into the initid crack size

determination.
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2.9.1 Problem definition

The two cases under consideration are shown in Figure 2.14. These are both for a
member of length A units with associated Weibull satigtic variables of k and m. The
maximum tendle dress dong the member edge is s,,, Which is common dong the

uniformly stress member, and varies parabolically to zero in the case of the beam.

| L p Y*****VY

) ST/EMX\
X X

L L

Figure 2.14 a) Uniformly stressed member b) Parabolically stressed member, as in a
beam

2.9.2 Derivationof survival probability for uniform tenson

The probability of surviva for case (a) of Figure 2.14 is easily defined by equation (2.9),

as shown below.

PU = e' kAs max (210)

For usein Crack Size Design, stress corresponding to adesired probability of survivd is
converted to a crack size, @, say. There is only a (1-P,) probability that there exists a

crack size greater than a, within the length of the member.

2.9.3 Derivation of survival probability for a specific example of a varying stress
profile — viz. parabalic variation

When conddering the varying tendle dress profile the beam is divided up into n
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sections, each of length dx. The probaility of surviva within each eement, where the

sressiss(x;) isgiven by

P = o kbSO (2.11)

The totd probability of survivd, R, is then the product of the probakilities for each

element.
Pryy = € 600"+ grkds )™ g k()" ~ g ks ()"
_ kdx{s(xl)m+s(x2)m+...+s()q)m+ ...... +s(xn)m}
-k Cp 0T
=-e length
(2.12)

Thisis the probability of finding a sufficiently sized crack to cause failure under the loca
dress a each point aong the member. Since the integrd term is difficult to quantify for a
parabolic stress profile it has been evduated numericdly. The integrd, shown in
equation (2.13), can be expressed in terms of the maximum stress, s .., and a "shape
factor" § which is dependent on the Weibull modulus m. The variation of Swith m for
a parabaolic dress digtribution is given in Figure 2.15, which demondrates that Sisless

then or equd to unity.

L@ (x)"dx=ss ™ (2.13)

0
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The reduction in the exponentid factor from 1 to S for the two loading cases
demondtrates that the alowance for uncertainty in critical crack location increases the

probability of surviva for corresponding maximum stresses, as expected.

0B 1]

Shape factor 8

5 10 15 0
Weitull modufus m
Figure 2.15 Variation in shape factor with Weibull modulus

2.9.4 Initial crack size calculation and location
With the evauation of the surviva probability function the initid desgn crack sze is

easly determined, as outlined earlier in this chapter.

Given P = ¢ ¥A®m _ then

m

2 2

K. 0 a kASH
a=g—== : 2.14
&vJpo EInpP & @19

In the original concept it was proposed that the initid crack size be based on the Weibull
probabilities for glass in uniform tension (S=1). The resulting initid crack size is one
which has a chosen probability of occurrence in a given area of glass. The current

modification recognises that with avarying tensle stress profile the location of the largest
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crack is unlikely to coincide with the position of maximum tensle stress. The new crack
Szeisbased on the probability of a crack occurring at alocation in the glass of sufficient
sress to cause fallure. The resulting design crack is smdler than the corresponding
uniform tenson crack, thus representing an increase in the design capacity of the
member. Since the shape function factor, S, obtained from the integral in equation
(2.13), is associated with the maximum stress, s, ., the design crack in the varying stress
fied should be assessed assuming it is located a the position of maximum sress. That
is, when carrying out the full Crack Size Desgn, the design crack is dill located at the

midspan of the beam, but is now smdler due to the alowance for non-uniform stress.

2.9.5 Implicationsfor other stressprofiles

The method described above may be used for any varying stress profile where the
"shgpe' of the varigion remains congant in time. While the shgpe remains constant the
evauation of Sfrom theintegra of equation (2.13) is unchanged, even though the overal

scale (s ) May change.

If there is sgnificant difference in the tendle stress distribution shape then a congant S
factor is ingpplicable. Congder the case shown in Figure 2.16. The location of the
maximum tensile stress changes with time.  For such cases evauation of a shape factor
becomes very difficult. It is proposed that if large variations in the location of the
maximum siress occur, that the derivetion of the initid crack size revert to that of a
uniform tendle stress dong the member.  In this case the initid crack Sze is one which

has a chosen probability of not being exceeded dong the whole length of the member,
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90 the variation in maximum stress location becomes irrdlevant, athough design for each

dress point is still necessary.

l Independently y
varying loads

s

Figure 2.16 Example of loading which results in changing tensile stress distribution

2.10 Application to toughened glass

Although the main focus of thisthessis anneded glass, it is possible to comment on the
implications Crak Sze Desgn has for heat or chemicaly toughened glass The
emphasis here will be on heat toughened glass, as that is most common, athough the

concepts are equally applicable to glass toughened by means of chemica processes.

C
No Load \
0

Applied \—/

Annealed Toughened

Bending Load \- 0 \
Applied \\

T

Figure 2.17 Stress profle of annealed and toughened glass

Glass is heat toughened by heeting a piece of anneded glass and then cooling it very
quickly. The surfaces cool fastest, and the differentid cooling rate compared with the

interior results in aresidua stress profile, as shown in Figure 2.17. On the surface the
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resdua dress is compressive, which is beneficid asit is tendle surface stresses which
lead to failure.

Figure 2.17 shows the difference in effect of loading on annedled and toughened glass
beams. In the annedled case any bending results in tension on the glass surface. Inthe
toughened case the residua surface compression must first be overcome before tension
is evident. In design the residud compressive dress is often used as an “alowable
dress’ . Design is then much more reliant on the ability of the manufacturer to ensure a
minimum level of resdua compression to be used as the dloweable stress. However, if
the resdud compression is exceeded during the lifetime of the dructure, it may be
necessary to employ Crack Size Design in the andysis. Also, by limiting the gpplied
dress to the “dlowable’ resdua stress then the additional material strength of the glass

is unused, and the design is therefore possibly inefficient.

Let s, be the compressive prestress on the surface of the glass due to heat toughening.
The applied stress higtory is unaffected by the presence of the presiress, so that Figure
2.11 isdill applicable. The difference comes in generating the new crack size and stress

intengity factor histories for Figures 2.12 and 2.13. In this case the stress propagating

the crack is s *-|f s ] where f

orS pr iS a capacity reduction factor to account for

e

uncertainties in the level of the prestress. The equivdent graph of Figure 2.13 will have
much greeter periods of loading less than Ko, a mog of the loading will be insufficient

to cause thetensileload, s *, to exceed the magnitude of the prestress, |f oreS pre

One added complication of glass toughening is the possihility for sdf-fatigue, which hes
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been dedt with in the literature (Bakioglu et al., 1976). If a crack on the surface
becomes sufficiently large thet it extends into the tensile zone in the centra region of the
member, then dow crack growth may occur. This can happen even in the absence of an
externd load if the crack is degp enough. When dow crack growth begins under these
conditions it is salf-propageting, as the tendle stresses increase with depth. Thereaultis
a sudden, explogive failure as cracks extend throughout the tensile zone of the whole

glass member.

Normd dlowable gress design methods have difficulty in accounting for sdf-fatigue.
They are accurate if the gpplied stress never exceeds the prestress, but when this does
occur, they are unable to predict the point a which sdlf-fatigue might begin, asthere is
no knowledge of the crack depth. Crack Size Design, on the other hand, is based on
the crack size, and is therefore able to be used by the designer to investigate this failure

criterion.

It has been stated earlier that this discussion isintended as a brief comment on the use of
Crack Size Dedgn for toughened glass raher than being a full desgn method
specificaly targeted at the gpplication. Points which have not been dedlt with are given

below, so as to provide afocus for possible future work.

The relaive dimensions of the compression zone and the design crack have not been
condgdered. If the depth of compressive prestressis much larger than design crack then

the design method described above is accurate, but sdlf-fatigue will not occur. In the
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case of the design crack being comparable in dimension to the depth of compression,
the compressive prestress will vary over the crack length and will therefore cause a

deviation in the fracture mechanics congtant of Y=1.12.

It is dso assumed here that the materia testing required to generate a failure sress
versus probability curve (such as in Figure 2.9) will be based on tests of the toughened
glass members. It is possible to determine the amount of prestress with relaive
accuracy, which would then dlow afailure stress to be converted into an initiating crack
sze. However, this would be tedious, and expensive, astoughened glassis much more
expengve than the equivaent anneded glass. It might therefore be more practica to test
the annedled glass before toughening. However, it is not known whether the toughening
process has a large effect on the sze of cracks present. This would need to be
edablished before an affordable testing regime could be devised, which might then

impact on the economic incentives of using Crack Size Design in industry.
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Chapter 3

The application of the Crack Size Design method to
edge-loaded structural glass members with corner

cracks

3.1 Introduction

The Crack Size Design method proposed in Chapter 2 was tailored towards members
whose edges had been ground. The cracks in this case extend across the whole
thickness of the glass plate. A recent study (Williams & McKenzie, 1997) investigated
the types of cracks produced at the glass edge by whed cutters at the end of the float
glass production line. The study found that corner cracks (idealised in Figure 3.1)
formed the mgority, and in most cases worst, of the cracks produced in the process. In
addition it was shown that the crack depths, a, were rardly larger than 15% of the glass
thickness, t. In highly polished, square edged glass membersit isdso highly unlikdly that
acrack will extend the full way across the thickness. In this case the critical crack will
aso be acorner crack. The am of this chapter is to extend further the applicability of
the Crack Size Design method to glass edges with corner cracks, as represented in

Figure3.1.
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Figure 3.1 Geometry of corner crack

Being able to design for corner cracks could reduce the cost of dructurad glass
congruction. If a glass nember could be designed for a non-abraded, as-cut surface,
then the cost of edge processing is diminated. Since this is expensive compared to the
materid cost, economic savings would result. There is no loss in aesthetic qudity from
usng as-cut glass, as the edge away from the initid scoring marks is very smooth and
has a polished appearance. However, corner cracks also occur in polished square

edged members, and so a more accurate design method for these will o be of benefit.

The Crack Size Desgn method is based on modeling the long term crack growth over
the lifetime of a structure. It is uncertain, a the outset, whether a corner crack under
stress would grow to equate the lengths a and c, or whether the larger of these two
dimensons would be critical and extend rapidly to failure. This chapter focuses on how

the corner crack propagates, with particular emphasis on the variation in crack aspect
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ratio. Also, the effect of finite plate thickness on the stress intendity factor, which might

normaly be investigated in a quarter plane formulation, is considered.

The long term growth patterns of corner cracksin plates of finite thickness, and away in
which to dlow for them design, is the subject of this chapter. It is dso necessary to
determine the Sze of the initid crack as a starting point for design. In the initid Crack
Size Design method, short-term failure stresses could be converted to a failure-initiating
crack size by making use of the fact that the edge crack geometry is deternined by a
sngle parameter, the crack depth. Corner cracks, if consdered smply as quarter
dlipses, have two dimensions that define their shepe, viz. their depth up the plate and
their width across the glass thickness (dimensions c and a of Figure 3.1 respectively). It
is not possible to determine from the single piece of information (the failure tress) what
these two dimensons are. A way to overcome this indeterminancy in the design process

is therefore sought here.

3.2 Fracture mechanics of a corner crack and the
modelling method

Figure 3.1 shows a quarter dlipse corner crack under far fied tendgon. This is an
idedisation of the cracks that often occur on glass edges. Since Sructurd glass
members are deep compared to the size of the crack, the stressfield caused by bending
effects is assumed to be constant over the crack. The applied siress is shown as s in

Figure3.1.
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Newman & Rgu (1984) performed numerous finite eement anadyses of the crack
geometry of Figure 3.1. Ther results formed the basis of empiricaly derived equations
which are lengthy and therefore not reproduced here.  Similar problems were later
investigated mathematicaly by Zhao & Sutton (1995), whose work supports the earlier
results. The Newman & Rgu equations show hat the stress intengity factor varies
smoothly around the crack perimeter and is dependent on the aspect ratio a/c and the
crack to plate width ratio a/t. Figure 3.2 shows a typica dress intensity factor

distribution around the edge of a corner crack.
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Figure 3.2 Stress intensity factor variation around crack perimeter
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As the dress intendity factor varies around the perimeter of the corner crack, equation
(3.1) (reproduced here from equation (2.2)) implies that the speed of crack growth, v,

will dso vary around the crack. Hence the dimensions of the crack will change so that
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the aspect ratio will not remain constant. The andyss pursued here assumes that
athough the aspect ratio changes, the quarter-dliptica profile of the crack remains. This
assumption is made on the basis of experimentd and theoretica evidence. Ohji et al.
(1992) experimentally tracked the growth of quarter-éliptica cracks in sted. Crack
propagetion in sted is described by Paris Law, which is of a gmilar form to equation
(3.1). Thexe experiments found that an dlipticd profile was maintained. Da et al.
(1997) modelled the growth of a series of crack profiles, not just quarter elipses. Thelr
results show that the crack maintains a smooth profile, and more interestingly that even
aninitidly "rough" crack propagates S0 that the profile becomes smooth and very nearly
dliptical. These results suggest that the assumption of a crack maintaining a smooth

quarter-dlipse profile during loading is acceptable.

Once it is established that a quarter-dlipse profile is appropriate, the stress intengity
factor at any point on the circumference of the crack may be obtained from Newman &
Rau (1984). The growth of the two perpendicular crack dimensons, a and c, are
modelled over time. For each time point, the Newman & Rgu stress intensity factors at
the two ends of the crack are used to determine the respective growth speeds, using
equation (3.1), and hence the new crack dimensions and aspect ratio. This corresponds
to a progression of the crack front smilar to that shown in Figure 3.3. The process
continues until the stress intensity factor a ether end of the quarter-ellipse reaches the

critica vaue a which point sudden failure is assumed to occur.
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Figure 3.3 Crack front propagation with time for a quarter ellipse crack in a quarter plane

3.3 Crack growth behaviour

Figure 3.4 shows the degradation in strength with duration of loading due to crack
growth, often referred to as"datic faigue'. The case andysed is for an initid vaue of
alc=0.2. It demongtrates the well known behaviour that the stress that a piece of glass
can sustain reduces with the period over which it is being loaded. The plot for the
quarter dliptical crack was based on the crack growth agorithm described in the
previous section.  The figure shows that the current model produces results that agree

with the empirically based rdlationship s "t=const (Charles, 1958).

Figure 3.5 gives atypica set of data showing the variation in crack aspect ratio over the
lifetime of the cracks when subjected to congtant stress. In this ingtance it is assumed
that the thickness of the glass plate is sufficiently large compared with the crack sze so
that a quarter plane may be used to model the glass. The effect of thicknessis discussed

later.
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Figure 3.5 Variation in crack aspect ratio with time

The figure clearly shows that the aspect ratio tends to unity with time, thet is the profile
approaches a quarter circle. The failure times for each crack represented in Figure 3.5
were different, with that for a/c=0.2 being very short. For this particular case, the stress

used in the model caused failure dter a matter of seconds so that the initid stress
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intengity factor at one end of the crack was dreedy close to the critica vaue and failure

intervened before significant amounts of dow crack growth occurred.

The convergence to a quarter circle profile can be explained through an investigation of
the fracture mechanical processes. Let K, and K. denote the stress intendity factors
corresponding to the dimensions a and ¢ of a quarter-dliptical crack. Figures 3.6aand
3.6b give example higtories for the growth of a and ¢ and their respective sress intensity
factors. It is found that the smdler dimenson has the highest corresponding stress
intengty factor. For example, if ¢ istwice aslarge as a then K, will be larger than K..
The dimension with the higher stressintengity factor will grow at afaster rete, asgivenin
equation (3.1). This eguation shows that the speed is a power function of stress
intengity factor with the exponent n. Since n isgeneraly of the order of 16 for glass, any
difference between the stress intensity factors K, and K. will result in a proportiondly
much higher difference in the crack growth speed. Therefore, the crack dimensions tend
to grow to a point where the dtress intensity factors become equa. For an infinite
quarter plane this configuration is a quarter circle. The process of convergence can be

seen in Figures 3.6a and 3.6b.

If the stressiis sufficiently high that the initid stressintensity factor at one end of the crack

isnear K., then falure can occur before there has been much opportunity for crack

growth. This results in failure a an aspect ratio lower than 1, as seen in the curve for

a/c=0.2 inFigure 35.
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Figure 3.6b Stress intensity factor history

3.3.1 Effect of finite thickness
The introduction of a finite third boundary to the quarter plane idedlisation affects the
sress intendty factors around the crack. The plate thickness parameter was included in

Newman & Rgu's work to dlow for this effect and therefore may be eesly
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incorporated into the model being used here. Figure 3.7 gives a number of crack aspect
ratio higtories for a crack, but in each case with a different plate thickness. The figure
shows that as the plate thickness reduces the crack propagates to aratio lessthan 1. It
isimportant to note that for these cases the find aspect ratio is fill one that equdises the
sress intengity factors at each end of the crack, but due to the new free boundary this

point occurs for adifferent agpect ratio.
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Figure 3.7 Effect of finite thickness on the crack aspect ratio history

3.3.2 Effectof n

It has been discussed earlier that the progression towards an aspect ratio of unity is
based on the different speeds of crack growth at either end of the crack when the stress
intengty factors are unequa. Crack growth speed is dependent on n, as given in
equation (3.1). Figure 3.8 shows the effect that different values of n have on the aspect
ratio history of acrack. The vaues of 12 and 20 are the typicd limits encountered for n
in glassdesign. The figure demondrates that these values of n aredl sufficiently largeto

result in a migration towards a quarter circle profile.
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Figure 3.8 Effect of n on the crack aspect ratio history

3.4 Proposed design modelling method

The behaviour of corner cracks as they grow, determined in the previous sections, is
summarised diagrammaticaly in Figure 3.9. It shows there to be three basic termination
conditions for the andyss. In case (@) the initid conditions result in a dtress intengity
fector a one end of the crack which is sufficiently high to cause falure after minima dow
crack growth. This corresponds to a short failure time, generaly on the scde of
seconds.  Since gtructura engineering projects are required to last many decades, this
condition is not relevant to design. In cases (b) and (C) theinitid dress intendty factors
are aufficiently low that sgnificant dow crack growth occurs with time.  In the latter
case, (C), it is noted that the corner crack may extend the whole way across the glass
plate thickness, invdidating the assumed geometry of the current andyss. However, it
was given in section 3.1 that the corner cracks encountered in practice arerardly larger
than 15% of the glass thickness, implying thet this termination condition will be

encountered rarely in design Situations. Findly, (b) represents the case where the corner
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crack grows to equdise the dress intendity factors a either end of the crack, and this

corresponds to afinal crack aspect ratio approaching unity.

Initial Conditions:
actok kK.n

! )

K or b, initially K, or K initially
closeto K .in moderate or low
magnitude compared to k.
(c)
b 4 F a—t
(a) | Failure for afc21 "Steady state” . AnaTyISiS
crack growth - stopped
F
l‘<a:l‘<-:::|"<l'13
(s} alc—-1
Failure

Figure 3.9 Diagrammatic representation of the corner crack growth process

It has been discussed earlier that materid strength testing is not able to provide sufficient
information to determine both dimensonsa and ¢ of corner cracksin glass. However, it
has been shown that, regardiess of the initid aspect ratio, the crack will propagate so
that it approaches a quarter dlipse, or more precisdy a quarter circle, for generd

structura glass applications. It is proposed here that a design corner crack be assumed
which initidly has aquarter circular profile, and that it grows maintaining this shgpe. This
assumption is based on the above observation that cracks wsualy approach this profile.
Only one dimension needs to be considered, that is the radius. The short term strength
data can therefore be used to caculate an equivaent crack radius. Design then
continues as described in the initial Crack Sze Design method of Chapter 2 where the

crack dimenson being andysed is the radius rather than the through thickness depth.
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The accuracy of the design that can be achieved with this gpproximation is addressed in

the remaining sections of this chapter.

The assumption of a quarter circle, and therefore a fixed aspect ratio, uncouples the
dependence between the aspect ratio and crack growth rate which resulted from
subdtituting the Newman & Rgu functions into equation (3.1). The dress intengity

factor can now be described in the standard form, K, =Ys +/pa, where Y becomes

0.722.

The remainder of this chapter is concerned with investigating the accurecy of the
proposed model via a series of numerica anadyses of glass members with quarter
dliptica cracks (of different aspect ratios) and their corresponding quarter circle design

crack equivaents.

3.5 Initial conditions

It is necessary to determine how to caculate the initid sze of this design crack for the
new design method. This will be done using information provided by the short term
falure stress test. In standard testing methods glass is loaded with a linearly increasing
tendle dress (seg, for example, Williams & McKenzie (1997) or Ritter et al. (1985)).
The rate of stress increase might range from 0.5 to 5 MPals. It is well established that
dower rates of stressincrease result in lower failure stresses, asthere is alonger time for
subcritical crack growth to occur. Hence, dthough the falure dress results are

recorded for short time periods they do not represent an instantaneous failure stress.
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The equivaent quarter circle design crack size used in thiswork is one that would grow
to fail a the same dtress after the same duration of loading as the crack which leads to
failure in the short term test, as shown in Figure 3.10. To determine theinitid crack size
the time to failure and stressrate from the test are required. For aquarter circle crack in
an infinite quarter plane, the fracture mechanics equations of Newman & Rgju (1984)

and the dow crack growth equations of Chapter 2 can be manipulated to give,

é n+l g o Uzn
—é 2-n &{Srate'\/_ Q n+l é:e KIO 9 - Tnl] 3.2
a; & vé — . .tq i (32
eZ(n +1) KlC o g 8YS rate’\]pao 7] B 0
62
where a, = crackSzed falure= = é N
Ys ratetf &
s ... = therate of stress incresse from the short term test

rate

t. = timetofalure of the test specimen
, = threshold stressintengity factor below which no sow crack growth

occurs

a, = initid crack 9ze

Equation (3.2) gives thefind crack sze a failure and may be used to find the equivaent
initia crack szewhich led to that falure. Thisinitid equivaent crack is then the one that
defines the Size of the design crack a the start of the life of the glass member and it isthe
moddling of the subsequent growth of this crack which is the basis of Crack Size

Desgn.
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Failure initiating quarter Equivalent quarter circle
elipse crack from test design crack in guarter
plane
aIZI
e
C

Both cracks lead to failure attime { seconds due to a stress increasing at o, MPa/ls

Figure 3.10 The quarter ellipse crack in a finite thickness plate (left) and the equivalent
quarter circle crack in a quarter plane which is used for design (right)

3.6 Effect of thickness on design

In earlier sections it was shown that, even with finite width, the assumption of
progression towards an aspect ratio of 1 was ill reasonably accurate. However, the
third edge aso has an impact on the stressat which failure occurs. Figure 3.11 shows
the diress degradation curve for a series of Smulated glass members. Each has the same
initid crack size, but the glass plate thickness varies. The figure shows a generd but

dight trend of decreasing strength with increasing crack to thickness ratio.
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Figure 3.11 Static Fatigue curves for glass specimens with varying thickness
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The question is now whether the proposed modelling technique can account for the loss
of drength with thickness. In the smulations the dlipticaly- cracked, finite thickness
plate member was modelled by a circular crack in an infinite quarter plane. The initid
crack sSze for the quarter circle crack in a quarter plane is determined from the short
term failure characterigics d the quarter dlipse crack in a plate of finite thickness.

Figure 3.12 shows atypica set of stress degradation curves comparing the behaviour of
a series of design cracks, each with initid crack size based on a different materia test
dress increase rate in the short term test, with the quarter-dlipticd, finite thickness
origind. Even though the crack to thickness ratio of a/t=0.25 is larger than would
normaly be encountered, the difference between the two cases is il remarkably small.
Extensve smulation reveded that errors of less than 1% (for n=16) were standard for
mogt of the lifetime of the member, athough larger errors were found near the subcritica
growth threshold limit. Hence the proposed modd can be easily applied to finite
thickness glass members, and the thickness itsalf does not need to be accounted for

expliditly.
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Figure 3.12 Static fatigue plots for crack with initial size based on different stressing rates

3.7 Effect of n on design

In a gmilar way to the variation n thickness, the variaion in n results in different failure
stresses, even though the cracks sill propagate to an aspect ratio of 1. Typica vaues
for n range from 12 to 20. Previous results given in this chapter have been for n=16.
Figure 3.13 shows the percentage errors between the times to failure for the design
mode and for the origina crack for arange of values of n. For ahigh n there isvery
little error between the dliptica crack and the circular design equivadent snce the high n
accentuates the difference in crack speeds for different Sressintendty factors. Errors of
less than 0.1% are easily achievable if n is20. Decreasing n reduces the accuracy.
Thisis demonstrated by the larger scatter in Figure 3.13. For the lower limit of 12 for n
there is an error of roughly 5% in some cases, which is till acceptable. The lack of

smoothnessin the curves of Figure 3.13 isaresult of the numerica moddlling.
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Figure 3.13 Percentage error for various values of n

3.8 Subcritical threshold

It has been noted that an asymmetrica crack has different stress intensity factors at each
end. Since the design crack is an “average’ of this crack, the stress intensity factor in
this circular equivaent will probably be between the vaues a each end of the origind
crack (although for large ratios of a/t this may not aways be the case). Thereis an
implication here that the moddled crack will start growing a a different dtress to its
design crack equivdent. It isimportant to investigate this problem, asit may lead to the
desgner assuming safety below the threshold stress intengty factor when in fact the

crack is growing, and therefore heading towards failure.

Figure 3.14 shows the percentage error between the stress at which the origind dliptica
crack would start growing compared to that of its circular equivaent. The results are

given for arange of aspect and crack size to thicknessratios. Trends between the plots
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ae not eadly vishle as there is not necessarily a dimensionless constant common
between them. However, it can be see that the errors are smdl, and all less than 10%.
It is suggested that in design the capacity reduction factor for threshold stress intensity
factor (f , from equation (2.8)) be scaed down by thismargin, in addition to dlowing for

uncertainty in measuremen.
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Figure 3.14 Error between subcritical threshold stress for elliptical and equivalent circular
cracks
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Vaious authors such as Hoek & Bieniawski (1965), Nemat-Nasser & Horii
(1982), Horii & NematNasser (1986), and Ashby & Hdlam (1986), have shown
that this mechaniam of inte-connecting wing cracks results in the variable
ultimate compressve drength of a britle member.  Although many of the
experiments were conducted on glass plaes, the practica goplication was directed
a falure in britle rock. The results and behaviour for glass found in the

experiments agree with the practica outcomes for rock.

Fig 4.3 Crack growth leading to global failure as cracks combine

The work discussed above shows that falure of a brittle materid in a bulk
compressve field is both possble obsavable and describadble However, dl
published sudies have focused on cracks in an infinite plane.  In this chapter the
caxe of an edge cack in a uniform compressive fidd is invedigated, as shown in
Figure 44. This has dired rdevance to a glass column whose largest cracks are

located dong its edges, due to edge grinding processes, as described in Chapter 2.
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Figure 4.4 Inclined edge crack under compressive loading

4.2 Determination of the mode Il stress intensity factors for
an inclined edge crack in a compressive field

The initiation of a wing crack is srongly dependent on the mode Il dress intengty
factor & a crack tip. Theefore, in this section, Ky for an edge crack in a
compressve fidd is investigaed. The solution is cgpable of deding with the case
where the crack is & a shdlow angle to the surface;, a notorioudy difficult
problem to solve accuratedly. The method developed here produces an accurate
solution in a numeicdly effident manner, and hes other precticd applications, for

example to the solution of squat defectsin rail-heads.

For brevity, only uniform far fidld compresson will be conddeed in the
formulation. However, the technique is dso gppropriate for a varying dress fidd,
and sha be goplied accordingly in subsequent chepters.  The solution is two

dimendond in nature and vaid for both plane sress and dtrain.

4.2.1 Formulation

Figure 45 shows the geometry of the problem being conddered: a hdf plane of
dadic materid containing a Sngle edge crack of length a, inclined a an angle q to

the surface normal. The coefficient of friction between the crack facesisf.
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Figure 4.5 The geometry being considered

The solution is based on the didributed didocation method (see, for example
Nowdl & Hills (1987) or Hills et al. (1996)). The fundamentd draegy is to
determine the dress fieddd dong the line of the crack, in its absence, and to
introduce didocations to relieve these dresses as gopropriate to dmulae the
presence of the crack. Here, because the crack is closed throughout its length, the
direct traction (compresson) is sudaned everywhere, and the perturbation
provided by the didocations needs only to permit a shear displacement between

the crack faces. Hence only locd ‘glide’ didocations are needed.

4.2.1.1 Preiminaries

A fa-fidd bulk compresson, of meagnitude So, generates tractions everywhere

aong the line of the crack, in its absence, of

S /I8 o|=- cos’q (4.29)

s s/Is o| =- 9nq cosq (4.20)

where ss ad sn are the shear and normal sStresses respectively, expressed in the
local coordinate set of the crack (see Figure 4.6). The drategy followed here is to

digribute gran nude, in the foom of didocations, dong the line of the crack, 0
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as to redore the Coulomb friction law, imposed in a point-wise sense. That is, a
dip displacement is permitted between the two crack faces, such that, a each
pairt, |5 s/s | = f, where f is the coeffidient of friction. In order to do this the
dress date expressed in a coordinate set coincident with the crack orientation, due
to an edge didocation whose Burgers vector dso lies in the locd dip direction is
required, Figure 4.6. The dress date expressed in the globd coordinate s, due to
a didocation whose Burgers vectors are dso expressed in the globd set was given
in Nowel & Hills (1987). It is then necessary to resolve the Burgers vector and
transform the traction components of sress into loca coordinates.  In this way we

define a st of functions, Giy (x,C), relating the dtress date at point (X,0) to the

drength of adidocation, b, (€) , shownin Fgure 4.6.

~ m

> Tk +D)

b:(€)G;; (%,€) (4.3)

where  m= modulus of rigiciity
k= (3-4n) in plane drain
n = Poison’'sratio

=%

¥

=lide
Dislocation

X

Figure 4.6 Dislocation arrangement
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4.2.2 Solution technique

It is now possble to write down the vaue of the shear traction, §x), & any point
dong the crack. This has a contribution from the bilaterd dress fidd (equation

(4.2)), together with the effect of a digribution of glide didocaions, of unknown
dengty, B, (u), and may be represented by the following integrd:
al2

S(x) =s g(X) + OBs(U)Gsy (X U)du (4.4

-al2

db,

where B (u) =

Smilaly, the drect traction, N(X), may adso be written down as the sum of the

bilaterd stressfied, together with a contribution from the didocations, i.e.

al2

N(X) =s (X)) + B;(u)Gy (x,u)du. (45)

-al2

It can then be seen that if the crack is dipping & every point dong its length, the

direct and shear tractions are rdlated by

S(X) == f|N(X)| - (4.59)

Subdtituting the two integrds into this equation then leads to the following

integral eqution for the unknown didocation dengty, B (u)
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al2

OB (1) Gy (R,U) £ TG, (R W)U =- (5 5 (R) T F5 (). (4.6)

-al2

4.2.3 Numerical Solution

The typicd way of solving equation (4.6) is to use the sandard GaussChebyshev
numericd quaedrature (Nowdl & Hills, 1987). Strictly spesking, this gpproach is
vdid only when the integrd has a true Cauchy kernd. Here it is of the
generdised type and this has an important effect on the convergence of the
solution.  In the case of an open, surface bresking crack, the GaussChebyshev
quadrature forces the didocaion dendty a the crack mouth to be zero, and hence
the crack faces to reman pardld, which is an atificdd condrant.  The problem
is paticularly severe, and affects the qudity of the solution, when the crack is a a
vay ddlow angle to the surface A dmilar phenomenon is experienced with
shearing digplacements. A modification to the quadrature, developed by Dewynne
et al. (1992), was employed. This method dlows for a finite vdue of the Burgers
vector a the surface  This is achieved by introducing an additiond triangle of

Burgers vectors over the crack, whose vdue is zero a the crack tip and finite

(B;") a the surface.

The detalls of the procedure adopted are as follows fird, the coordinates are
normalised with respect to the crack hdf length, o that the interval of integration
of equation (4.6) becomes [-1,1]. Since the didocation dendity is bounded and
finite a the surface and singular a the crack tip, the didocation densty B, (u) can

be expressed as the product of an unknown bounded function, f(u), and a
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fundamenta function (Erdogan et al., 1973) together with a term to account for
the triangle of Burgers vectors, thus
for-1£ufl 4.7

B, (u) =f (U)(1- u) "*(L+u)"* + B;'g(u)

where

g(u)=%(1- ).

Applying the integration scheme of Erdogan et al. (1973) to equdion (4.6) leads

to the following set of Smultaneous equtions

KMMN@M+HWBSLE$$QEwMHSNMM (4.8)

& 2p@A+uy)
a—
. 2N+1
where
a2j-1 0 e 2k 06
u; =Cosg IV, = = fork=1,..N
‘ e2N+1pg : e2N+lpg

K(V,,U;) =Gy (X,u) = fGy, (X,u)
4.9)

G(v) = 1(‘p(u)K(v, u)du

Note thet for uniform far field compression, s 5(v,) ad s (v) ae condants, as
However, vaying dress fidds can be eadly

defined by equation (4.2).
incorporated into this solution method by evauating the sStresses t the points v, .
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The ¥ dgn is incorporated into equation (4.8) as g, Fgure 45, may be of ather
dgn, and the magnitude of the shear traction is dways reduced by friction.

Additionaly, the coefficient of friction must not be so high thet adhesion occurs.

The st of dmultaneous equetions described in eguation (4.8) condss of N+1
unknowns in N equations.  The find equetion is given by Dewynne et al. (1992),
who show that the conggtency condition of f (-1) =0 is required for this solution

method. The quantity f (- 1) is evauated using Krenk’s formula (Krenk, 1975).

Y C@N-1.6/.2p .6
f(-)=3f u,. )sn 2/dng—+—j= 410
(-1 % (Unia. ) 82N+1p12/ ONTL (410

The st of amultaneous equations is eedly solved usng computer library routines.

Upon solution the dress intengty factor may be found from the following (Nowell

& Hills 1987):
K, =2/2Jpa—>t () (4.12)
k +1
where
N . a@N-1 . 0/. @ p .0
f()=3f (u)sn 2 /dn 2 412
@ ja:.l(,) 32N+1pjg/ 32N+1g 412

4.2.4 Results for an edge crack in auniform compressive field

Figure 4.7 diglays the mode Il dres intengty factor for a wide range of

coefficients of friction and for crack inclinaions from O 0 to 900. Vdues were
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obtained up to g =85°, with N set to 250. The shgpe of the frictionless curve
(f=0) mirrors the behaviour of s g, having a maximum & &about g = 45°. Note,
however, that for finite friction the K maximum is dightly offsst from 4500 due to
the presence of the free surface and its effect on the didocations.

K
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: b > 3 f=0,8
i T W fo1
0.2 - A ¥ ' . "x“} =1.25
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SN TNy |2

o 15 0 a5 6or 75 s’
Figure 4.7 Ky versus(q for various coefficients of friction, f
Friction on the crack faces reduces the resultant shearing traction, which drives the
megnitude of the mode Il dress intengty factor. Also, for low indinations the
norma gress is high compared to the nominad shear dress, 0 that the frictiond

reduction of the shearing dress is sufficient to annul it completdy. The crack

therefore “sticks’ for low inclinations, giving K, =0.

The results of Fgure 4.7 may be summarised in a different way. Figure 4.8 shows
the angles below which there is no K;,, and the angles where K, is a maximum, for
a given coefficient of friction. Note that the line defining the conditions where

K, vanishes may adso be obtained from the bilatera stresses It is defined by the

pointswhere fs =t ,ie
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Figure 4.8 Conditions for KII ® 0 and KlTaX as a function of inclination angles and the
coefficient of friction

Fgure 49 explictly gves the maximum K, that can be expected for a given

coefficient of friction.
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Figure 4.9 Maximum K;, versus coefficient of friction
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4.3 Wing crack growth in a bulk compressive stress field

In section 4.1 the mechanism of wing crack propagation was introduced. It was
shown that wing crack initistion was dominaied by the maegnitude of the mode II
dress intengty feactor a the tip of the pre-exiging crack (ie a the point which
becomes the kink). In section 4.2 this stress intengity factor was evduated for an
edge crack in a uniform compressve fidd. In the current section the propagetion
of the wing crack is invedigaed andyticdly. Smilar methods to those used in
section 4.2 are employed here to cdculate the dtress intensity factors at the end of
the wing crack. Issues of propagation are then consdered as the wing crack

length increases.

In this section the wing crack is corsdered to be draight.  Experimental work (for
example, Hoek & Bieniawski (1965), Brace & Bombolakis (1963), Nemat-Nasser
& Horii (1982) and Horii & Nema-Nasser (1986)) shows that the wing crack
curves as it extends. However, for smdl wing crack lengths the results presented
here will be redidic. Also, the empheds in this andyss is to deermine whether
the hdf plane edge crack will propagete in a smilar way to the infinite plane
crack, rather than how this occurs for long wing cracks The assumption of a
draght wing cack dso dmplifies the mahemaicd formulaion, which is
gopropriate as this chapter conditutes the firgt atempt at a solution for this hdf

plane edge crack formulation in the literature.
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4.3.1 Formulation

The geometry of the problem is defined in Fgure 410. The preexiding crack
(segment 1) is present in the haf plane x3 0, and is indined & an angle o, to the
surface normd.  The wing crack (segment 2) is inclined & @ to the surface

normd. The segments are of lengths ax and a2 respectively.

1 Glide
4" dislocations

/ 7
Climb

adislocation

¥ £

¥ ¥
P

Figure 4.10 Details of the kinked crack geometry
As the man crack is assumed to be dosad throughout its length, only glide
didocetions having a Burgers vector b, are introduced on segment 1 to relieve the
shear dresses.  In the absence of segment 2 the segment 1 glide didocations will
generae a mode Il dress intengty factor at the segment 1 tip (ie a what becomes
the kink). Now segment 2 is introduced which is subject to bah shear and tensle

dresses, as discussed earlier.  Therefore glide and climb didocations (b, ,b,) are

introduced aong segment 2 to relieve both shear and direct tractions.

Further details of the orientation of the didocaions are given in Figure 410. The
ssgment 1 glide didocations must be oriented & o, SO tha no opening
digolacements are induced. For ease of cdculation, the didocations in segment 2

ae d oriented a this same indingtion, o that continuity conditions a the kink
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