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Abstract 

Glass is being increasingly used as a structural material.  In particular, its 

favourable aesthetic qualities have made it popular with modern designers.  The 

most recent developments have seen glass being used as major structural elements 

such as beams and columns.  From the engineering viewpoint these new 

applications present a series of design problems which need to be addressed 

before a coherent and safe design philosophy can be achieved.  

 

To date there has been much work on out-of-plane loading of glass, and in-plane 

loading of traditional materials is well described.  However, there is little 

published advice on design for long term, in-plane loading of glass.  In reality 

engineers have been borrowing design concepts from the two former areas to try 

and satisfy the latter.  In this thesis it is demonstrated that this is not satisfactory, 

and a new “Crack Size Design” method is proposed. 

  

Novel contact and fracture mechanics techniques are developed in the course of 

this thesis, which may also be applied to more general engineering problems.  Of 

particular interest is the evaluation of the stress intensity factors for closed edge 

cracks in a half plane, and a description of their growth in a bulk compressive 

stress field.  These techniques are used in an investigation of contact loading.  

Contact stresses are particularly important to glass design as glass is unable to 

flow plastically to relieve high local stresses.  Hence “soft” interlayers are often 

inserted between the glass and the contacting material to facilitate stress 

redistribution.  The problem of a rigid, square-ended punch loading glass via a 

perfectly linear elastic or rigid plastic interlayer is analysed.  The results for an 

edge crack under such loading conditions are then investigated and incorporated 

into the newly derived Crack Size Design philosophy. 
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NOTATION 
 

A reference loaded area 

SLA /  variables for the interlayer/substrate used in displacement 

calculations of Appendices C and D 

1A  loaded area 

a edge crack length, buried crack half length, or length of corner 

crack across plate thickness 

contacta  crack length in a contact stress field which maximises IIK  

0a  initial crack length 

1a  segment 1 length in kinked crack 

2a  segment 1 length in kinked crack 

)(* ta  design crack size 

*
0a  initial crack size based on probabilistic methods 

SLB /  variables for the interlayer/substrate used in displacement 

calculations of Appendices C and D 

xB  glide dislocation density 

1
ˆ
−
xB  glide dislocation density at crack mouth 

yB  climb dislocation density 

b interlayer thickness (note that in Chapter 6, this refers to half the 

interlayer thickness) 

xb  glide dislocation strength 

yb  climb dislocation strength 

SLC /  variables for the interlayer/substrate used in displacement 

calculations of Appendices C and D 

c length of corner crack along plate depth, or point of separation of 

interlayer and half plane 

D factor in interface dislocation stress calculation 
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SLD /  variables for the interlayer/substrate used in displacement 

calculations of Appendices C and D 

E Young’s Modulus 

SLE /  Young’s Modulus of the interlayer/substrate (half plane) 

f coefficient of friction 

f1 Coefficient of friction between the rigid punch and the interlayer 

f2 Coefficient of friction between the interlayer and the half plane 

G influence function 

),( yG λ  Fourier transform of the Airy stress function 

g(x) relative shear displacement 

g(u) triangular distribution 

h distance of edge crack mouth from the centreline of a punch 

h(x) relative normal displacement 

i integer variable  

j integer variable 

J0 Bessel function of the first kind, of order zero 

k  Weibull distribution parameter, or, yield strength in pure shear 

K influence function, or generic expression for a stress intensity 

factor 

aK  stress intensity factor at the end of a corner crack defined by 

dimension a 

cK  stress intensity factor at the end of a corner crack defined by 

dimension c 

IK  mode I stress intensity factor 

IIK  mode II stress intensity factor 

*
IK  design mode I stress intensity factor 

ICK  critical stress intensity factor 

0IK  threshold stress intensity factor 

L member length 

m Weibull distribution parameter 

n subcritical crack growth constant, or integer for solution routines 

N direct traction, or integer for solution routines 
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221211 ,, NNN  factors for interface dislocation stress calculation 

P applied load, or, probability of survival, or, factor used in 

calculation of interlayer stresses and displacements (Appendix D) 

survivalP  probability of survival 

totalP  total probability of survival 

UP  probability of survival under a uniform applied stress 

p0 height of triangular element of pressure 

p(x) applied contact pressure 

)(~ λcp  cosine Fourier transform of applied pressure 

Q factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

q(t) shear traction 

R factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

R2 measure of the “fit” of a trendline to data.  R2=1 implies perfect fit 

R* design action 

r radius from crack tip 

S section or material strength, or, shape factor, or, shear traction, or, 

factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

s transition point from stick to slip on interlayer/half plane interface 

T factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

t time, plate thickness or integration variable 

ft  time to failure 

U factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

u coordinate of dislocation along crack length 

ux/y displacements in the x and y directions 

b
u ˆ  vertical displacement on the upper face of the interlayer due to a 

centrally located triangle or pressure, relative to the origin 

fu  final displacement under the rigid punch 
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primaryu  vertical displacement along the top of the interlayer due to the 

fundamental solution 

),ˆ( ξxutri  vertical displacement of the interlayer upper surface relative to the 

origin due to a triangle centred on the point ξ=x̂  

yu  vertical displacement due to a triangle of pressure centred on the 

origin 

0u  vertical displacement on the surface of the half plane due to a 

centrally located triangle or pressure, relative to the origin  

V factor used in calculation of interlayer stresses and displacements 

(Appendix D) 

v speed of subcritical crack growth, or, coordinate of collocation 

point along crack length 

0v  reference subcritical crack growth speed 

w punch half width 

triw  half width of triangle of pressure 

x  global axis 

x̂  local axis 

x  local axis 

Y geometric factor in fracture mechanics calculations 

y  global axis 

ŷ  local axis 

y  local axis 

α  Dundurs’ constant, or, integration variable 

β  Dundurs’ constant 

∆  displacement 

)(xδ  Dirac delta function 

ξ  length variable  

SL /Φ  Airy stress function for the interlayer/substrate 

κ  )43( ν− in plane strain, )1()3( νν +−  in plane stress 

SL /κ  κ  for the interlayer or substrate (half plane) 

λ  Fourier transform variable 
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Γ  ratio of shear modulii 

φ  capacity reduction factor, or, angle around elliptical crack, or, 

Muskhelishvili potential 

)(uφ  function used for quadrature solution technique 

preφ  capacity reduction factor for residual stress in toughened glass 

compφ  capacity reduction factor for compression loading 

θ  general angle, or, angle of inclination of crack to the surface 

normal 

1θ  angle of inclination of segment 1 of a kinked crack to the surface 

normal 

2θ  angle of inclination of segment 2 of a kinked crack to the surface 

normal 

σ  stress 

σ~  stress due to a dislocation 

maxσ  maximum stress along member length 

preσ  surface residual stress in toughened glass 

Nσ  normal stress on the line of a crack in its absence 

0σ  magnitude of uniform compression field 

rateσ  rate of stress increase in tensile test 

Sσ  shear stress on the line of a crack in its absence 

)(* tσ  design stress 

τ  shear stress 

ν  Poisson’s ratio 

SL /ν  Poisson’s ratio of interlayer/substrate (half plane) 

µ  shear modulus 

SL /µ  shear modulus of the layer or substrate (half plane) 
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Chapter 1 

Introduction 

Traditionally, the use of glass in buildings has been limited to windows (see 

Figure 1.1).  Used in this way glass is subject only to transient wind loading and 

its self weight, conditions where its brittle nature and variable strength are not 

significant.  However, over time interest in using glass in construction has grown.  

Architects, fascinated with the concept of a transparent building, increased natural 

light levels or an open work environment, have used glass in greater and greater 

quantities.  The most obvious example today is the fully glass clad modern 

skyscraper.  With these developments the size of the glass panelling used has 

increased and the method of connection has become more complicated (see Figure 

1.2), but the way in which the glass is loaded has remained essentially the same. 

 

Figure 1.1 Traditional glass uses 
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Figure 1.2  Modern glass usage 
 
 

In recent years designers have begun to use glass in much more structural 

applications.  Instead of panes of glass being supported on metal beams and 

columns, glass is now being used to support itself through glass structural 

members.  The aesthetic result is a totally transparent structure (see Figure 1.3).  

The engineering consequence is that the glass must now sustain long term, in-

plane loading. 

  

Figure 1.3  New glass structures 
 
 

The properties of glass are such that it seems to behave quite differently when the 

loading is long term rather than short term and transient.  In fact, the glass appears 

to become weaker as the duration of loading increases.  This problem has been of 

little importance to traditional designers for whom the maximum load period is a 
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several second wind gust.  For the new applications, however, it is crucial to the 

design. 

 

One might ask why glass is used in these new applications if it is so badly suited 

to them.  The basic answer is cost.  Glass is a mass produced product with cheap 

raw materials, and is therefore one of the cheapest fully transparent materials 

available.  For example, the cantilevered structure shown in Figure 1.3 had some 

acrylic material included in the plies of the beams to provide a degree of ductility 

in case of failure.  Although the volume of glass used in the other plies and the 

roof sheeting greatly exceeded that of the three individual acrylic plies, it was the 

cost of the acrylic which was greater.  It can therefore be seen that glass is a 

crucial material if the new transparent architecture is to be widespread, because of 

its price.  The cost is that a new structural design philosophy must be developed to 

account for the new application. 

 

A detailed description of the properties of glass and its behaviour is presented in 

Chapter 2, but a brief account is given here for clarity.  The term “glass” is often 

applied in the materials sciences to mean any substance which does not exhibit 

long range order on the molecular scale.  In this thesis the term “glass” shall 

correspond to the popular understanding of the word, which is the substance 

which is used in windows.  This soda-lime silica glass is a solid, non-crystalline, 

brittle material.  It is perfectly linear elastic until failure, with a Young’s modulus 

of 70MPa, similar to that of aluminium.  Its failure is governed by fracture, which 

occurs at cracks on the glass surface.  In most cases these cracks are too small to 

be seen by eye.  Owing to variation in the size of the cracks there is variation in 
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the failure stress.  Values for short-term strength might range from 20-200MPa.  

Glass also undergoes a loss in strength with duration of loading, which is 

commonly referred to as “static fatigue”.  The long term strength of glass is often 

quoted in the range 7-20MPa.  This variation in strength depends on a myriad of 

factors.  It is predominantly affected by the surface finish but is also influenced by 

glass type, environmental conditions (especially humidity), production effects and 

others.  Essentially, glass is highly predictable under normal operation, but the 

point at which failure occurs can appear quite random. 

 

The literature concerning the material properties of glass is extensive.  Griffith 

(1920) presented experimental results on glass with introduced flaws of various 

sizes to show that it was the flaws which determined the strength of the glass.  His 

work is the foundation of modern fracture mechanics, which is the field that is 

used to describe glass failure in the material sciences.  Due to the perfect linear 

elastic behaviour of glass it has often been the material of choice for 

experimentalists when investigating fracture mechanics.  This means that 

considerable information on glass is available.  Much of this information is 

presented in Chapter 2 and will not therefore be reproduced here. 

 

Until recently there was little information publicly available on structural design 

of commercial glass.  This was due to competition between glass manufacturers 

who also performed most of the engineering design for glass in structures.  A 

major advancement in public glass engineering theory came with the paper of 

Beason & Morgan (1984).  This paper focused on lateral loading of glass plates, 

as wind-loaded building cladding was the main use for glass at this time.  The 
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work of Beason & Morgan became the basis for many glass design codes around 

the world.  Later modifications were suggested, such as by Fischer-Cripps & 

Collins (1995) and Sedlacek et al. (1995), which account for more localised 

loading conditions and more accurate fracture mechanics phenomena.  The most 

recent method, proposed by Overend et al. (1999), allows for any load, support 

and plate geometry through the use of an equivalent stress procedure.  The various 

design methods and scarce public information on glass have been collected in a 

single volume by Jofeh (1999).  All of this previous work, however, has been 

tailored to applications of panels of glass being loaded out-of-plane. 

 

The work on glass at The University of Oxford began when an engineering 

consultancy approached the Civil Engineering Department seeking assistance with 

a structural glass design.  At this early stage the research comprised a number of 

fourth year undergraduate projects.  Investigations of in-plane glass beam 

bending, column compression and contact loading were conducted.  The 

variability in glass failure strength was demonstrated by Fair (1996) who loaded a 

series of annealed and heat toughened beams in bending.  Strength variability was 

also encountered by Wren (1998) who tested cylindrical glass columns.  In his 

experiments Wren also had to deal with a new problem: failure originating at the 

connections.  Scarr (1997) investigated the stresses which occur due to a bearing 

pad connection (similar to that shown in Figure 1.4).  It was shown that the 

inability of glass to redistribute stresses plastically results in high local stresses 

due to contact loading.  A series of different bearing materials was  used.  It was 

found that materials of low Young’s modulus were most efficient at transmitting 
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the applied load evenly to the glass.  It was also noted that small imperfections on 

the surface of the glass can greatly affect the resulting stress profile. 

 

 
 

Figure 1.4  Glass being supported on pads 
 
 

The projects described above focused on determining the strength of glass and the 

stresses developed within it under certain loading regimes.  In his M.Sc thesis, 

Crompton (1999) studied a number of design theories and their applicability to 

glass.  This thesis therefore represents the first real comment on glass design 

methods from the work conducted at Oxford. 

 

Crompton studied the various design philosophies that have been widely used in 

Structural Engineering over the last century.  These included Permissible Stress, 

Plastic and Limit State Design theories.  He followed their development with the 

major construction materials: steel, reinforced concrete, masonry and timber.  

Crompton commented that Limit State Design was a derivative of Plastic Design, 

and therefore had an emphasis on ultimate load and strength.  He showed that its 

application to masonry was not rigorous, as masonry rarely fails due to being 

over-stressed, but more frequently as a result of stability issues.  Stability, as with 

other non-stress related actions, is poorly incorporated into current Limit State 

Design methods.  Crompton proposed that of the four major construction materials 
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listed above, glass was most similar to timber.  This was mainly due to the 

variability in brittle failure stress for both materials.  Indeed, Crompton concluded 

that of the present design methods available a Permissible Stress design similar to 

that used for timber was preferential to a stress based Limit State Method as used 

for steel or concrete when dealing with glass. 

 

Crompton (1999) also went on to investigate a topic of current interest in glass 

engineering: alternative load paths.  It is common in glass construction to use 

more than one glass member in each structural element, resulting in the 

widespread use of multi-ply beams, for example.  Since glass is a brittle material, 

the failure of any single element could lead to global structural failure unless 

alternative load paths are provided.  The consequences of failure are another 

reason for this added redundancy.  Should the sole load path fail then overhead 

shards of glass could fall and seriously injure people below. 

 

In his investigation Crompton studied the case of a multi-ply beam with a constant 

overall width.  The same probabilistic strength statistical parameters were applied 

to each ply in the glass member.  It was shown that as the number of plies 

increased, the probability of failure under a given load decreased.  Hence, having 

alternative load paths provides greater safety in design and is more economical, as 

the volume of glass required for a particular stress and probability of failure 

reduces with increasing plies. 

 

The thesis presented here is mainly concerned with annealed glass being loaded 

in-plane.  In practical terms in-plane loading means that it is the edge of the glass 
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member which experiences the greatest stresses, such as the bottom face of a 

simply supported glass beam.  Glass is often heat or chemically strengthened to 

provide a layer of compression over its surface.  Although aspects of this are 

discussed, the focus here is on the basic annealed state of the glass.  More general, 

localised residual stresses are also omitted in this somewhat preliminary treatment 

of structural glass. 

 

In the first part of this thesis a new design philosophy for glass is proposed.  

Termed “Crack Size Design”, it adapts conventional limit state design concepts to 

fit the properties and behaviour of glass.  In the first instance this method is 

developed for uniform tension along the glass edges, and for cracks of uniform 

depth extending across those edges.  The method is then broadened to incorporate 

more practical loading and cracking patterns.  It should be noted that Crack Size 

Design, and indeed this whole thesis, is focused on designing for material failure 

of glass elements.  Member failure modes, such as buckling, are well documented 

for linear elastic materials, and are independent of the variable strength of glass. 

 

In the traditional uses of glass (see Figures 1.1 and 1.2) the compressive loads 

encountered are modest, and generally similar in magnitude to the tensile stresses 

likely to be generated.  Since glass failure arises at zones of tension it is therefore 

the tensile stresses, rather than the compressive ones, which are critical in design.  

In the new structural glass applications, greater concentrations of load are found in 

compressive members, such as columns.  Hence, an understanding of the failure 

mechanism in the absence of global tensile stresses is required in order to develop 

a rigorous design method for these members.  A mathematical analysis of 
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compressive failure in an infinite plane has only been dealt with relatively recently 

by such authors as Ashby and Hallam (1986) and Vaughan (1998), although 

experimental investigations of the failure mechanism are somewhat older, for 

example Hoek and Bieniawski (1965).  In this thesis the failure mechanism is 

applied to edge cracks in compression, as edge cracks are critical in structural 

glass.  This is done through a rigorous fracture mechanical analysis using a novel 

technique based on distributed dislocations.  The results are used to describe the 

behaviour of glass in compression and hence to formulate a design method 

consistent with the main Crack Size Design method described earlier. 

 

The second section of this thesis deals with connection design.  Connections are 

more important for glass than for other materials because of its brittle nature.  Due 

to the absence of plastic flow, the stress concentration which occurs at the 

connection cannot be relieved.  To reduce this concentration it is normal for a 

layer of “soft” material to be inserted between the glass and the generally hard 

connecting piece, which might be a metal pin or support pad.  The case of a 

support pad arrangement is focused on in this thesis, represented as a rigid punch 

with square ends, loading the glass via an interlayer of varying material properties.  

This might arise in the case of supports for beams or columns, as shown in Figure 

1.4.  Two instances are considered: in the first instance the interlayer is assumed 

to be perfectly rigid plastic with a low yield stress.  In the second instance the pad 

is assumed to be linear elastic, with a low Young’s Modulus. 

 

In traditional Civil engineering design with ductile materials, bearing connections, 

such as those shown in Figure 1.4, are often designed by simply assuming an even 
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distribution of “bearing” stress along the pad length.  Owing to its brittleness, this 

is insufficient for glass and so a more rigorous analysis of these contact stresses is 

required.  Since a fully three-dimensional solution would be computationally 

expensive, various simplifying assumptions are made which lead to a two 

dimensional analysis being undertaken here. 

 

In the case of the rigid plastic interlayer, a slip line field theory approach is used to 

determine the contact loading.  For the elastic interlayer, stress functions for the 

layer and half plane are used to calculate the contact stresses.  This is done for all 

possible combinations of full adhesion and lubrication on the top and bottom faces 

of the interlayer.  Distributed edge dislocations are then introduced to allow for a 

finite degree of friction on the half plane surface. 

 

The stress profile results for the glass due to the contact loading show that the 

interlayer achieves its goal of reducing the possible stress concentrations and 

eliminating tension.  The work on compression loading of columns in the 

literature demonstrates that there need not be a global tensile stress for brittle 

fracture to occur.  It is the presence of a crack, and its behaviour in the applied 

stress field which determines failure.  The fracture mechanical analysis used 

earlier for compression loading is applied later to the contact stresses of the 

interlayer connection.  The results are used to interpret the Crack Size Design 

method in a manner relevant to this connection detail. 

 

Although structural glass design was the impetus for the compression and 

connection analysis, the work also has a more general application to other 
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situations encountered in fracture and contact mechanics.  The solutions to the 

problems are valid, and computationally efficient, for any linear elastic material 

being loaded under the prescribed conditions.  In many cases the solution method 

is described so that it may be applied to any specified stress profile.  Some 

problems, such as the growth of cracks in compressive stress fields, are applicable 

to other situations, such as squat cracks in rail heads.  Finally, the manner in 

which the distributed dislocation method is applied is slightly different from the 

traditional usage (Hills et al., 1996), which may be of more general interest to 

researchers in the field of fracture mechanics. 
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Chapter 2 

Development of Crack Size and Limit State Design 

Methods for Edge-Abraded Glass Members 

2.1  Introduction 

Design codes for commonly used structural materials (e.g. steel or concrete) make use, 

either explicitly or implicitly, of an assumption that the material has a certain ductility. The 

use of glass as a structural material is increasing, and so design methods for structural 

glass are being developed (Jofeh, 1999). Glass, however, is a material which exhibits no 

ductility whatsoever, and so it is important to question whether design methods for glass 

should be based on the same concepts as those used for other structural materials. The 

purpose of this chapter is twofold. First, it is demonstrated that the observed variability 

in the strength of glass is entirely explained by fracture mechanics, and that underlying 

this variability is in fact a true material constant, the critical stress intensity factor. 

Secondly this result is built upon to suggest a new framework for design with structural 

glass. Much further work would be required on the details of such a framework, but an 

outline of the basic concepts is given here. 

 

The particular case addressed here is the use of flat glass in a long-term structural load 

bearing capacity, such as in beams. This use may result in higher and more variable 
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design stresses than those encountered in glass plates. The use of glass in this way has 

some similarities to the use of steel, in that both materials are used to form skeletal 

structures, unlike concrete, which is used more in monolithic components. The similarity 

in application of the two materials has led some practising engineers to adopt design 

methods for glass based on the approach used for steel. The result is that the concept of 

a design or allowable stress has arisen when designing with glass. 

 

The design stress for steel is based on its yield stress, which is a well-defined value that 

is highly repeatable between material tests. Such a dependable value is not available for 

glass. The question “What is the strength of glass?” or “What allowable stress can be 

used when working with glass?” often arises. When people ask such questions, the 

answer usually is that there is no single, minimum strength for glass. Manufacturers have 

charts which give probabilities associated with given stresses, and often answer such 

questions by saying for example “You can have 95% confidence that the glass will have 

a strength of at least 30MPa for the next five years”. 

 

The stress which the glass manufacturer gives the engineer is no longer a material 

constant as it is for steel. The designer finds that the allowable stress is now combined 

with a probability of failure, and both vary with time. Yet the method of allowable 

stresses and the process of borrowing steel design philosophy persists, despite the fact 

that the fundamental material basis has changed. 

 

This chapter shows how the strength properties of glass relevant to structural engineering 
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can be completely explained by considering the cracks that are present on its surface. It 

is common for structural glass elements to have ground edges. The resulting crack 

patterns are used as the basis for a fracture mechanics analysis. The role of this “Crack 

Size Design” in the wider limit state design method is then explored. The differences 

between Crack Size Design used for structural glass members and existing strength 

models used for glass plates are outlined. 

 

This chapter considers only glass subjected to tension, although the concepts presented 

may also be applied to other actions such as compression and bearing. It does not deal 

with the buckling of glass, which is independent of the stress at which fracture occurs. 

2.2  Fracture and the observed strength properties of glass 

Glass is a perfectly elastic material, and fails by brittle fracture, exhibiting no ductility 

whatsoever. The Crack Size Design method proposed in this chapter is based therefore 

on the fracture mechanics of elastic materials. To have confidence in the theory it is 

necessary to show that all the experimentally observed strength characteristics of glass 

can be explained by this theory.  

 

2.2.1  Relevant fracture mechanics 

Griffith (1920) proposed the concept of fracture based on surface energy concepts 

around cracks at which failure initiated. He performed experiments on glass specimens 

with known initial macroscopic crack sizes, and these experiments showed good 

agreement with his theory. Irwin (1957), and others, modified Griffith's approach to 

develop a stress intensity factor model. According to this model, glass will fail when the 
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stress intensity factor IK  reaches a critical value ICK . It is also a requirement that the 

stress intensity factor increases as the crack propagates, which is valid for most 

structural engineering applications. The general relationship between the stress intensity 

factor, the applied far-field tensile stress normal to the crack σ and the crack half-size a 

present is given by equation (2.1) (Anderson, 1995). The factor Y is discussed in later 

sections. 

 

K Y aI = σ π         (2.1) 

 

Griffith’s original 10 data points can be converted, using the above formula, to stress 

intensity factors at failure. These give a reasonably constant value of 

=ICK 0.47 MPa.m1/2. Hence Griffith’s data shows that macroscopic cracks in glass 

obey the modern theory of fracture. Modern soda-lime silica glasses have a higher 

critical stress intensity factor of 0.75 MPa.m1/2, due to different chemical composition 

resulting in higher glass strength. 
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Figure 2.1  Glass failure origin 

The theory of fracture at the macroscopic scale is equally valid for the microscopic 

cracks that are found in normal glass. Levengood (1958) conducted an extensive series 

of tests on regular sheet glass (80 specimens). Each specimen was investigated after 

failure in order to find the crack at which fracture initiated. The mirror radius (the 

definition of which is shown in Figure 2.1) of each failure origin was measured, and 

compared with the failure stress σ. Further investigation of the failure origins also 

revealed a relationship between the mirror radius and the size  a of the original crack.  

The result was the linear relationship as shown in Figure 2.2, where the straight line fit is 

given by 21MPa.m579.0=σ a . This result is consistent with equation (2.1), and 

supports the theory of fracture at a critical stress intensity factor. In order to do this, a 

value of Y is required, and this in turn requires some simplifying assumptions about the 

shape of the cracks. We assume that the cracks are semi-circular in shape and that the 

crack depths are negligible compared to the glass thickness (the spread in data points 

shown in Figure 2.2 may be due to variations from this semi-circular assumption). For 
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this case Murakami (1987) gives Y = 0.75, which leads to a critical stress intensity 

factor of 0.77 MPa.m1/2 for Levengood’s glass. This compares well with the modern 

value of 0.75 MPa.m1/2. The smallest crack sizes considered by Levengood were of the 

order of 0.003mm, while the largest cracks considered by Griffith were 22mm.  This 

demonstrates that fracture mechanics accurately describes the short-term strength of 

glass with cracks of widely differing sizes. 

 
Figure 2.2  Experimental data from Levengood (1958) 

 
 

2.2.2  Variability in the short term strength of glass 

It is well known that the strength of glass under short term loading is not constant. 

Numerous works (for example, Phillips (1972)) have shown that the strength distribution 

of a set of similar glass specimens is modelled well by a Weibull distribution. This is 

based on the weakest link principle (Weibull, 1939), and is thus appropriate to glass as 

it is only at a single critical crack location that failure originates. 
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The distribution of cracks in glass and their sizes is quite variable. It depends on the 

handling of the glass after production, the orientation of the glass sheet in the production 

process and any other number of factors. Indeed, manufacturers find that there is even 

variability between sets of glass which have come from the same production line, but 

which were made at different times. If we accept the variability in crack size, then 

equation (2.1) shows that the failure stress will vary accordingly. This explains the 

inherent variability in the short-term strength of glass, and highlights that it is not the 

material itself, but the cracks on its surface which are variable. 

 

2.2.3  Crack growth 

When a piece of glass with a pre-existing crack is subjected to a stress less than that 

required to reach ICK , the crack will grow with time. Figure 2.3 shows experimental 

data (Weiderhorn & Bolz (1970), Evans (1972)) for crack speeds where the stress 

intensity factor is less than the critical value ICK  for various environmental conditions. 

Figure 2.4 shows an idealisation of the experimental results. This idealisation was first 

suggested by Wiederhorn & Bolz (1970), and it was later shown by Evans (1974) that 

the experimental data gave a best fit when both axes are on a logarithmic scale, as 

shown in Figures 2.3 and 2.4. Figure 2.4 shows three distinct regions. Lawn (1993) 

discussed the graph with particular reference to the environment during loading. In slow 

crack growth it has been found that water is the principle corrosive agent. Indeed, 

Figure 2.3 shows that testing specimens in water resulted in much higher propagation 

speeds than when testing in dry air. The value of IOK  in Figure 2.4 is a threshold below 

which no slow crack growth occurs, and its value is a function of the humidity and 
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temperature during loading. Region I is shown as a straight line with a slope which also 

depends on the environment. Region III shows another linear relationship which 

corresponds to the crack propagation relationship for glass in a vacuum. As the crack 

speed increases the supply of OH- ions in water to the crack tip tends to zero, thus 

making the crack growth behaviour revert to that in a vacuum. Region II is a transition 

zone between regions I and III, and is again dependent on the environment. 

 
Figure 2.3  Slow crack-growth speed data 

 

 
Figure 2.4  Idealised crack propagation speed versus stress intensity 

 
 

Crack speeds in regions II and III are very high, so that slow crack growth in these 
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regions leads to failure in a matter of seconds. Since structural engineering projects are 

generally expected to last for decades, it seems reasonable to base design solely on the 

slow crack growth of region I. The common expression for the rate v  at which this 

region I growth occurs is shown in equation (2.2) (Lawn, 1993), where IK  and ICK  

are as defined above, and 0v  and n are constants for a given set of environmental 

conditions. 

 

n

IC
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K

K
vv 
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= 0        (2.2) 

 

2.2.4  Static fatigue 

The duration for which a constant stress can be sustained by a piece of glass reduces as 

the stress increases, as shown in Figure 2.5.  This decrease in static strength with time is 

usually referred to as “static fatigue”. 

 
Figure 2.5 Variation in strength with duration of loading 

 
During loading the crack size increases at a rate described by equation (2.2). Over time 

the critical crack grows to such an extent that, under the applied load, the stress intensity 

factor reaches the critical value and failure occurs. Figure 2.5 is an idealisation of 

experimental results (Charles, 1958). Empirical relationships are usually fitted to the data 
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in the form: 

 

constant=σ tn        (2.3) 

 

Equations (2.1) and (2.2) can be combined, as in Appendix A, to give: 
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 where 0a = the initial crack size 

 

The right hand side of equation (2.4) is constant except for the term in a. This is the 

crack size at failure and depends on the applied stress. However, if the duration of 

loading is not negligible, then the final crack size will be significantly larger than the initial 

crack size, 0a . Since the exponent ( ) 22 n−  typically takes a value around ­7, the final 

bracketed factor is dominated by the term in 0a . Since this is a constant, the right hand 

side then reduces to an almost constant value. Comparing equations (2.3) and (2.4), it 

can be seen that the observed variation of strength with time is entirely explained by the 

equations of crack growth, and the exponent n in equation (2.3) obtained from 

experimental work is the same exponent as in equation (2.2). 
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Figure 2.6  Results and predicted values from Sglavo (1997) for applied constant stress 

versus time to failure 
 

Sglavo (1997) did extensive work on the long-term and cyclic strength of glass. A series 

of glass rod beams with uniform initial indentation cracks were tested in bending. For 

this case the equation for the stress intensity factor is different from equation (2.1), due 

to the crack geometry and residual stresses. The results of these tests are shown by the 

points in Figure 2.6. Also shown on the same plot is the line representing the predictions 

of slow crack growth model of equation (2.2). There is good agreement between the 

experimental and predicted results, hence verifying equations (2.2) and (2.4).  There is 

therefore good experimental evidence to show that the model of slow crack growth of 

equation (2.2) is valid for glass and that it describes the process of static fatigue. 

 

2.2.5  Minimum long term strength 

Equation (2.3) suggests that, even for a very small stress, there will still be slow crack 

growth and a corresponding degradation in strength over time. This is not observed in 

practice. It has been demonstrated (see for example Wiederhorn(1970)) that there is a 
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stress intensity factor below which slow crack growth does not occur. This threshold 

stress intensity factor IOK  is shown in Figure 2.4. This property is reflected in Figure 

2.5 by the strength becoming constant for very long time periods. 

 

It is important to note that the minimum strength of glass is related to a threshold stress 

intensity factor, rather than a unique minimum stress. If the initial crack size is known 

then a minimum long-term stress strength can be determined. If, however, during the 

loading history of the member this stress is exceeded, then cracks will grow, resulting in 

a lower subsequent minimum strength, even if the stress then reverts to its initial value. 

 

2.2.6 Cyclic loading 

In many materials it is found that cyclic loading at loads lower than the ultimate strength 

will still cause failure. Is this the case for glass? One possibility is that the effects of cyclic 

loading are simply represented by the appropriate growth of cracks during each 

application of loading. 

 
Figure 2.7  Cyclic fatigue test results and predicted values in terms of cycles to failure 

against applied maximum stress (after Sglavo (1997)) 
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Cyclic loading of glass was considered by Sglavo (1997). Figure 2.7 shows the results 

obtained in comparison with predictions. The predicted failure values are based on slow 

crack growth occurring during each cycle of load in accordance with equation (2.2). 

Figure 2.7 shows good correlation between the experimental and predicted results and 

verifies that the slow crack growth approach is valid. This demonstrates that there are 

no additional cyclic loading effects which need to be accounted for in design. This 

contrasts with the behaviour of some other materials, where the process of cycling 

proves to be more destructive than the straightforward application of a static load. 

2.3  Edge cracks due to grinding 

The edges of glass members are usually ground to remove major flaws and reduce the 

variation in crack sizes along the cut edges. The result is that the average strength is 

reduced but it becomes more consistent. The process involves abrasion of the glass by 

grinding wheels. Wheels of various roughness are used, depending on the quality of 

finish required. The glass is moved over the wheel so that it is in a plane perpendicular to 

that of the grinding wheel. The result is that the scratches produced extend from one side 

of the edge to the other.  
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Figure 2.8  Typical edge condition of glass after grinding 

 
 

Figure 2.8 shows a typical scratch pattern produced by grinding, with scratches 

extending across the whole width of the edge. The two areas of unscratched glass are a 

result of local "troughs" formed during the original cutting of the glass. Individual lines can 

be seen which confirm the cross-scratching nature of the abrading process. The 

implication is that the resulting cracks are edge cracks with a reasonably constant depth 

across the width of the plate. This information is of use because it means that cracks 

may be characterised by only one unknown dimension, their depth. It will be shown later 

how this is advantageous. In analysing such cracks using fracture mechanics the factor Y 

of equation (2.1) takes a value of 1.12. Grinding may leave residual stresses in the glass 

which would alter the value of Y. Further work is required to establish this, but for 

current purposes it will be assumed that an unmodified Y is correct. 

 

2.4  The basis of “Crack Size Design” 

The strength properties of glass relevant to structural engineering have now been 

explained by the role of cracks in glass and by use of fracture mechanics theory.  It is 

proposed here to use this result to develop a structural design method for glass, called 

“Crack Size Design”. 

 

In Crack Size Design it is assumed that “design cracks” are located at all critical points 

in the structure, such as in regions of maximum tension. This provides the two 

components required to evaluate the strength of glass: the critical crack size and the 
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applied stress. The manner in which the strength criterion is expressed is discussed later. 

 

Cracks grow over time as described earlier. Thus, throughout the life of the structure, 

there will be a gradual enlargement of the cracks, which will reduce the strength of the 

structure. To allow for this the design crack size must be modelled over the whole life of 

the structure. For each period of loading the strength of the structure is assessed on the 

basis of the maximum design crack size and stress for that period. 

 

The equations used to model crack growth are given in Appendix A. It should be noted 

that if the stress intensity factor at the start of a loading period is less than the threshold 

value then no sub-critical crack growth will occur. 

 

In Crack Size Design it is assumed that the weakest part of the member (corresponding 

to the location of the largest cracks) coincides with the location of the highest stresses. 

This is inherently conservative, but is not without precedent. Concrete also displays a 

variable strength: when designing with concrete the strength is taken at a value which has 

a low probability of occurrence. This conservative design strength is then applied to the 

whole structure. Hence, this aspect of Crack Size Design is already in widespread use in 

current structural engineering design. 

 

2.5  Material and design constants used in Crack Size Design 

2.5.1  Material constants 

Only four material properties are required to design using the crack size method. The 
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first is the critical stress intensity factor ICK . For soda-lime silica glass ICK  is typically 

0.75 MPa.m1/2. This value is a material constant and introduces a degree of certainty 

into design. For a given crack size the strength of a piece of glass can be determined 

with high confidence via the stress intensity factor. This allows us to move away from 

probabilistic allowable stress concepts.  The critical stress intensity factor gives the 

criterion for sudden failure. The material constants involved in slow crack growth are 

IOK , 0v  and n as shown in Figure 2.4 and equation (2.2). 

 

Figure 2.3 showed crack growth velocity data from two different sources. There are 

two lines representing glass tested in water at 25ºC, but these two sets of data still differ. 

Evans (1972) showed that the differences are not due to inconsistencies in experimental 

procedures, but rather between the types of glass and water used. Evans used distilled 

water, while the exact chemistry of the water used by Wiederhorn(1970) is not known. 

 

Figure 2.3 shows that IOK  for glass in water can range from 0.18 to 0.23 MPa.m1/2. A 

value of 0.2 MPa.m1/2 is often used. Also, by extrapolating the region I linear portion of 

the graph to the ICK  line the range of 0v  is found. For dry air (0.2% humidity), 0v  is 

of the order of 5103 −×  m/s. When glass is immersed in water 0v  can rise to 0.02 m/s. 

For the normal use of glass 0v  is often taken as 0.0025 m/s. 

 

It was shown earlier that the constant n in equation (2.5) is the same variable as that 

used in equation (2.2). Charles (1958) performed extensive experiments under various 

environmental conditions and found for a relative humidity of 100% that n was 
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consistently 16. This value may vary between 12 and 20 for other values of humidity, 

but 16 is generally accepted as a representative value. Lower values of n are 

appropriate for a more aggressive environment. 

 

The four material properties required for crack size design: ICK , IOK , n and 0v  will 

be material constants for a given type of glass and design environmental conditions. 

2.5.2  Design constants 

2.5.2.1  Initial crack size 

The proposed design approach relies on the analysis of cracks in glass. Hence, to begin 

the design we must have an initial design crack size. There is negligible literature 

available on the typical crack sizes in glass at the start of a structure’s life. However, 

there is ample experimental data on the short-term strength of glass, which can be re-

interpreted for this application. 

 

 
Figure 2.9  A typical Weibull strength probability plot for glass 

 
 

Probabilistic glass strength data is generally presented using a Weibull distribution. A 

typical example is given in Figure 2.9. From such a graph it is possible to determine a 
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stress for which there is a particular probability of survival. For example, of the family of 

glass specimens tested, there is a 95% probability of survival under an applied stress of 

20 MPa. The stress of 20 MPa can be converted by the critical stress intensity factor 

and equation (2.1), to find the crack size which initiated failure. Since we are assuming 

edge cracks due to grinding, there is only one crack size variable to be determined 

based on the strength data: the crack depth. There is a 5% chance that this size of crack 

will be exceeded in the given sample of specimens. This allows a choice of an initial 

crack size for an appropriate design probability of survival. 

 

It is unlikely, however, that the area of glass tested will be the same as the area of glass 

to be used in the structural member, so it is necessary to account for area effects. These 

are discussed by various authors (Sedlacek et al. (1995), Fischer-Cripps & Collins 

(1995)). Equation (2.5) gives an expression for the initial crack size 0a  as a function of 

the desired survival probability P, the loaded edge area of the member 1A , Weibull 

distribution variables (k  and m) and the fracture mechanics quantities defined earlier: 
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      (2.5) 

 

The derivation of equation (2.5) is given in Appendix B. It is important to note that the 

Weibull variables must be derived from tests relevant to the application of the glass, that 

is from experiments on edge abraded members. The survival probability P is then the 

main variable which affects the material strength for the whole life of the structure. 
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It is important to note that the stresses obtained from a Weibull distribution of initial 

crack sizes, such as in Figure 2.9, are not constant for glass of a given type. They vary 

with time (since cracks will grow), environment and the different initial crack distribution. 

Thus the initial design crack size will not be constant for all projects, but will need to be 

evaluated for every set of glass to be used. 

 

For a crack which is perpendicular to the surface, the factor Y in equation (2.5) is 1.12.  

When the crack is inclined to the perpendicular this Y factor varies.  However, under the 

uniform far-field tension that is considered here, the inclined crack grows with a kink 

which is perpendicular to the surface, as shown in Figure 2.10.  Yingzhi & Hills (1990) 

showed that such a crack orientation could be accurately modelled (that is, result in the 

same stress intensity factor) by an equivalent perpendicular edge crack, as shown in the 

figure.  By considering slant edge cracks as equivalent perpendicular cracks they may be 

incorporated into the method described earlier for determining an initial crack size for 

design. 

 

Uniform 
Tension 

Original slant crack Equivalent perpendicular crack 

Kinked growing crack 
 

Figure 2.10  The slant edge crack and its perpendicular equivalent 
 

2.5.2.2  Event crack size 

If the design crack is modelled based only on the load history, no account is taken of 
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possible random events in the life of the structure. Such events might include the impact 

of airborne debris. It is proposed here that an additional “event crack size” be 

incorporated into the design, most conservatively at the start of the design life, to allow 

for events which occur independently of the load history. 

 

2.6  Crack Size and limit state design 

Every crack size design must begin with an anticipated design stress history ( )t*σ . An 

example of such a history is shown in Figure 2.11. This, in turn, allows us to establish a 

design crack size history ( )ta* , based on slow crack growth theory, as shown in 

Figure 2.12. 

 

    
Figure 2.11  Example stress history        Figure 2.12  Design crack size history 

 
 

Now consider how these design histories relate to limit state design. The generic 

requirement of design in limit state theory could be given as: 

 

SR φ<*         (2.6) 

 

where *R  is an appropriate measure of the design action on the structure, including the 

loads on the structure and factors which take account of uncertainties in loading. On the 
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right hand side φ is a capacity reduction factor and S is the appropriate section, member 

or material strength.  

 

The question now is “What are appropriate measures of R* and S for glass?”. It was 

shown earlier that the basic strength relationship, equation (2.1), incorporated the critical 

stress intensity factor, the applied stress and the crack size. To fit Crack Size Design 

into the limit state framework it is necessary to identify which of these three components 

will form the point of comparison between the structural capacity and the applied 

actions. 

 

It was demonstrated previously that, for a given crack size and applied stress, it is the 

stress intensity factor which determines whether failure will occur. The critical stress 

intensity factor ICK  is the material strength property which remains constant as the 

failure criterion throughout the life of the member, regardless of the combination of 

applied stress and crack size. This suggests that the most rational choice for S in 

equation (2.6) is ICK , which is a true measure of the material strength. 

 

The left hand side of equation (2.6) must now also be in the form of a stress intensity 

factor. Let us call this the design stress intensity factor *
IK , which will be a function of 

time: 

 

*** aYK I πσ=        (2.7) 
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This relationship combines the design stress and design crack size into a single variable. 

 

We can now express equation (2.6) in terms of stress intensity factors: 

 

ICI KK φ≤*         (2.8) 

 

The left hand side of equation (2.8) represents the design actions on the structure, 

including uncertainties in loading over the life of the member, while the right hand side 

gives a material strength which is independent of time. This strength criterion is illustrated 

in Figure 2.13. Expressing the strength criterion as in equation (2.8) provides an 

appropriate method for incorporating Crack Size Design into limit state design methods. 

 
Figure 2.13  Stress intensity factor based design 

 

2.7  Advantages of Crack Size Design 

2.7.1  Increased certainty in design 

At present glass designers have to make use of both a stress and a probability. They 

know from testing that the glass they are using has, say, a 95% chance of survival under 

a given short-term stress. For those designing for transient lateral forces this is all that is 

required. For structural glass applications however, long-term strengths need to be 
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considered. This involves the use of a different strength and associated survival 

probability for various stages of the design life. Designing with glass then becomes a 

complex exercise in the use of probabilities and judgements of acceptable failure risks. 

 

Using Crack Size Design only one probabilistic calculation is required. Once an 

acceptable failure risk for the whole life of the structure has been determined, a 

statistically acceptable initial crack size is defined. All subsequent design is then based 

on this crack size and its implied failure risk, right up to the design life of the project. 

Hence the need for repeated use of statistically determined strengths is avoided. 

 

2.7.2 Possible reduction in material testing cost 

Since this design method is based on crack size, an appropriate material test would be 

to test a piece of glass with a critical crack of known size. It would rapidly be 

discovered that the glass failure became highly predictable, as this test would simply 

confirm the value of the critical stress intensity factor ICK . 

 

A more appropriate test is the determination of the crack sizes in a normal piece of 

glass. Non-destructive testing, such as acoustic or thermal methods, may become 

available for investigating the crack sizes in large areas of glass. The use of these would 

mean that many pieces of glass could be tested without needing to be broken. Hence 

Crack Size Design would reduce material testing costs by eliminating the need for 

extensive breaking and thus wastage of glass. By testing full size specimens, the practice 

of basing design on Weibull statistics would no longer be necessary, eliminating one step 
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in the analysis and therefore rendering the process more accurate and reliable. 

 

2.8  Comparison with existing models 

There are a number of existing glass strength models (Beason & Morgan (1984), 

Fischer-Cripps & Collins (1995), Sedlacek et al. (1995) and most recently Overend et 

al.(1999)). The differences between these models and Crack Size Design are related to 

the different types of loading treated in each design method. The existing models are 

primarily for plates of glass under uniform lateral short-term pressures. Crack Size 

Design is focused on glass beams, columns and struts in which sustained in-plane loading 

may vary substantially over time. 

 

The plate models do take some account of long-term loads, but not in a completely 

rigorous manner. In some methods there is an implication that the long-term load is 

constant, while others incorporate varying stress levels, but not the corresponding 

variation in the minimum strength. For example, if the minimum strength is exceeded for 

any period of time, by construction loading for instance, then slow crack growth will 

occur. After this period of loading the minimum strength will now be lower than its initial 

value, due to the larger cracks present. This subtlety is easily accounted for in Crack 

Size Design but is neglected in the plate models. 

 

Another advantage of Crack Size Design is that it allows designers to work directly with 

the stresses obtained from structural analysis. The plate models typically require 

designers to convert design stresses to equivalent stresses as a function of time period of 
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loading and area of glass. No such procedure is necessary for Crack Size Design. 

 

It is worth noting that approaches similar to Crack Size Design have been used in 

mechanical engineering for design against fatigue, see for instance Hopkins & Rau 

(1981) and Anderson (1995). 

 

2.9  Extension of the Crack Size Design method to incorporate non-

linear stress profiles 

When deriving the expression for the initial crack size in section 2.5.2.1 it was implicitly 

assumed that the tensile stress profile along the glass edge was constant.  This is because 

the Weibull statistics are derived from glass tested in uniform tension which, after being 

modified for area effects, are then applied to the member being designed.  In this section 

this implicit assumption is investigated to determine whether a more accurate and 

efficient method is possible for members that experience tensile stress profiles which are 

not constant in magnitude. 

 

The measured failure strengths of a family of specimens are used to generate a survival 

probability curve with the following general equation. 

 

P eSurvival
kA m

= − σ        (2.9) 

 

where k and m  are Weibull distribution parameters related to a reference area loaded in 

uniform tension and are the same as those given in equation (2.5) of section 2.5.2.1.  
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Equation (2.9) can be used to extrapolate the results from the reference area tested to 

larger areas, A, of glass from the same family. 

 

The Weibull function of equation (2.9) gives the probability of survival of a piece of glass 

of area A under a tensile stress σ.  In the Crack Size Design method it is recognised that 

failure at the stress σ results from the presence of a crack of a sufficiently large size, say 

a.  Hence, the Weibull distribution is re-interpreted to say that P is the probability that 

there will not be a crack greater in size than a present in the piece of glass of area A.  

The Crack Size Design method then goes on to determine an initial design crack size 

based on an acceptable maximum probability of survival.  It is assumed that this critical 

crack is located at points of maximum stress within the structure. 

 

In the course of this investigation two loading situations will be considered, uniform 

tension and a parabolically varying tensile stress distribution resulting from beam action.  

For the uniform tension case there is no doubt that the probability given in equation (2.9) 

is accurate for the probability of survival.  However, for the parabolic case Crack Size 

Design assumes that the critical initial design crack occurs at the midspan where the 

stress is maximum.  Since the cracks are randomly distributed, it is equally likely that the 

critical crack will occur elsewhere along the length of the beam where the stresses are 

less, implying that Crack Size Design is over-conservative.  This section aims to develop 

methods by which the variation in stress can be incorporated into the initial crack size 

determination. 
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2.9.1 Problem definition 

The two cases under consideration are shown in Figure 2.14.  These are both for a 

member of length A units with associated Weibull statistic variables of k and m .  The 

maximum tensile stress along the member edge is σmax, which is common along the 

uniformly stress member, and varies parabolically to zero in the case of the beam. 

σ σ 

x x 

max  σ 
max  σ 

L L 
 

Figure 2.14  a) Uniformly stressed member   b) Parabolically stressed member, as in a 
beam 

 

2.9.2  Derivation of survival probability for uniform tension 

The probability of survival for case (a) of Figure 2.14 is easily defined by equation (2.9), 

as shown below. 

 

P eU
kA m

= − σmax         (2.10) 

 

For use in Crack Size Design, stress corresponding to a desired probability of survival is 

converted to a crack size, aU say.  There is only a (1-PU) probability that there exists a 

crack size greater than aU within the length of the member. 

 

2.9.3  Derivation of survival probability for a specific example of a varying stress 

profile – viz. parabolic variation 

When considering the varying tensile stress profile the beam is divided up into n 
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sections, each of length dx.  The probability of survival within each element, where the 

stress is σ(xi) is given by 

 

P ei
kdx xi

m

= − σ( )        (2.11) 

 

The total probability of survival, Ptotal, is then the product of the probabilities for each 

element. 
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 (2.12) 

 

This is the probability of finding a sufficiently sized crack to cause failure under the local 

stress at each point along the member.  Since the integral term is difficult to quantify for a 

parabolic stress profile it has been evaluated numerically.  The integral, shown in 

equation (2.13), can be expressed in terms of the maximum stress, σmax, and a "shape 

factor" S, which is dependent on the Weibull modulus m.  The variation of S with m  for 

a parabolic stress distribution is given in Figure 2.15, which demonstrates that S is less 

than or equal to unity. 

 

( ) m
L

m Sdxx max
0

σσ =∫        (2.13) 
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The reduction in the exponential factor from 1 to S for the two loading cases 

demonstrates that the allowance for uncertainty in critical crack location increases the 

probability of survival for corresponding maximum stresses, as expected. 

 
Figure 2.15  Variation in shape factor with Weibull modulus 

 
 

2.9.4  Initial crack size calculation and location 

With the evaluation of the survival probability function the initial design crack size is 

easily determined, as outlined earlier in this chapter. 

 

Given P e kAS m

= − σmax , then 

a
K

Y

kAS
P

IC
m

= 





−



π

2 2

ln
      (2.14) 

 

In the original concept it was proposed that the initial crack size be based on the Weibull 

probabilities for glass in uniform tension (S=1).  The resulting initial crack size is one 

which has a chosen probability of occurrence in a given area of glass.  The current 

modification recognises that with a varying tensile stress profile the location of the largest 
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crack is unlikely to coincide with the position of maximum tensile stress.  The new crack 

size is based on the probability of a crack occurring at a location in the glass of sufficient 

stress to cause failure.  The resulting design crack is smaller than the corresponding 

uniform tension crack, thus representing an increase in the design capacity of the 

member.  Since the shape function factor, S, obtained from the integral in equation 

(2.13), is associated with the maximum stress, σmax, the design crack in the varying stress 

field should be assessed assuming it is located at the position of maximum stress.  That 

is, when carrying out the full Crack Size Design, the design crack is still located at the 

midspan of the beam, but is now smaller due to the allowance for non-uniform stress. 

 

2.9.5  Implications for other stress profiles 

The method described above may be used for any varying stress profile where the 

"shape" of the variation remains constant in time.  While the shape remains constant the 

evaluation of S from the integral of equation (2.13) is unchanged, even though the overall 

scale (σmax) may change. 

 

If there is significant difference in the tensile stress distribution shape then a constant S 

factor is inapplicable.  Consider the case shown in Figure 2.16.  The location of the 

maximum tensile stress changes with time.  For such cases evaluation of a shape factor 

becomes very difficult.  It is proposed that if large variations in the location of the 

maximum stress occur, that the derivation of the initial crack size revert to that of a 

uniform tensile stress along the member.  In this case the initial crack size is one which 

has a chosen probability of not being exceeded along the whole length of the member, 
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so the variation in maximum stress location becomes irrelevant, although design for each 

stress point is still necessary. 

Independently 
varying loads 

 
Figure 2.16  Example of loading which results in changing tensile stress distribution 

 

2.10  Application to toughened glass 

Although the main focus of this thesis is annealed glass, it is possible to comment on the 

implications Crack Size Design has for heat or chemically toughened glass.  The 

emphasis here will be on heat toughened glass, as that is most common, although the 

concepts are equally applicable to glass toughened by means of chemical processes. 

 
Figure 2.17  Stress profile of annealed and toughened glass 

 
 

Glass is heat toughened by heating a piece of annealed glass and then cooling it very 

quickly.  The surfaces cool fastest, and the differential cooling rate compared with the 

interior results in a residual stress profile, as shown in Figure 2.17.  On the surface the 
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residual stress is compressive, which is beneficial as it is tensile surface stresses which 

lead to failure. 

Figure 2.17 shows the difference in effect of loading on annealed and toughened glass 

beams.  In the annealed case any bending results in tension on the glass surface.  In the 

toughened case the residual surface compression must first be overcome before tension 

is evident.  In design the residual compressive stress is often used as an “allowable 

stress” .  Design is then much more reliant on the ability of the manufacturer to ensure a 

minimum level of residual compression to be used as the allowable stress.  However, if 

the residual compression is exceeded during the lifetime of the structure, it may be 

necessary to employ Crack Size Design in the analysis.  Also, by limiting the applied 

stress to the “allowable” residual stress then the additional material strength of the glass 

is unused, and the design is therefore possibly inefficient. 

 

Let σpre be the compressive prestress on the surface of the glass due to heat toughening.  

The applied stress history is unaffected by the presence of the prestress, so that Figure 

2.11 is still applicable.  The difference comes in generating the new crack size and stress 

intensity factor histories for Figures 2.12 and 2.13.  In this case the stress propagating 

the crack is prepreσφσ −* , where preφ  is a capacity reduction factor to account for 

uncertainties in the level of the prestress.  The equivalent graph of Figure 2.13 will have 

much greater periods of loading less than KI0, as most of the loading will be insufficient 

to cause the tensile load, *σ , to exceed the magnitude of the prestress, prepreσφ . 

 

One added complication of glass toughening is the possibility for self-fatigue, which has 
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been dealt with in the literature (Bakioglu et al., 1976).  If a crack on the surface 

becomes sufficiently large that it extends into the tensile zone in the central region of the 

member, then slow crack growth may occur.  This can happen even in the absence of an 

external load if the crack is deep enough.  When slow crack growth begins under these 

conditions it is self-propagating, as the tensile stresses increase with depth.  The result is 

a sudden, explosive failure as cracks extend throughout the tensile zone of the whole 

glass member. 

 

Normal allowable stress design methods have difficulty in accounting for self-fatigue.  

They are accurate if the applied stress never exceeds the prestress, but when this does 

occur, they are unable to predict the point at which self-fatigue might begin, as there is 

no knowledge of the crack depth.  Crack Size Design, on the other hand, is based on 

the crack size, and is therefore able to be used by the designer to investigate this failure 

criterion. 

 

It has been stated earlier that this discussion is intended as a brief comment on the use of 

Crack Size Design for toughened glass, rather than being a full design method 

specifically targeted at the application.  Points which have not been dealt with are given 

below, so as to provide a focus for possible future work. 

 

The relative dimensions of the compression zone and the design crack have not been 

considered.  If the depth of compressive prestress is much larger than design crack then 

the design method described above is accurate, but self-fatigue will not occur.  In the 
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case of the design crack being comparable in dimension to the depth of compression, 

the compressive prestress will vary over the crack length and will therefore cause a 

deviation in the fracture mechanics constant of Y=1.12. 

 

It is also assumed here that the material testing required to generate a failure stress 

versus probability curve (such as in Figure 2.9) will be based on tests of the toughened 

glass members.  It is possible to determine the amount of prestress with relative 

accuracy, which would then allow a failure stress to be converted into an initiating crack 

size.  However, this would be tedious, and expensive, as toughened glass is much more 

expensive than the equivalent annealed glass.  It might therefore be more practical to test 

the annealed glass before toughening.  However, it is not known whether the toughening 

process has a large effect on the size of cracks present.  This would need to be 

established before an affordable testing regime could be devised, which might then 

impact on the economic incentives of using Crack Size Design in industry. 
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Chapter 3 

The application of the Crack Size Design method to 

edge-loaded structural glass members with corner 

cracks 

3.1  Introduction 

The Crack Size Design method proposed in Chapter 2 was tailored towards members 

whose edges had been ground.  The cracks in this case extend across the whole 

thickness of the glass plate.  A recent study (Williams & McKenzie, 1997) investigated 

the types of cracks produced at the glass edge by wheel cutters at the end of the float 

glass production line.  The study found that corner cracks (idealised in Figure 3.1) 

formed the majority, and in most cases worst, of the cracks produced in the process.  In 

addition it was shown that the crack depths, a, were rarely larger than 15% of the glass 

thickness, t.  In highly polished, square edged glass members it is also highly unlikely that 

a crack will extend the full way across the thickness.  In this case the critical crack will 

also be a corner crack.  The aim of this chapter is to extend further the applicability of 

the Crack Size Design method to glass edges with corner cracks, as represented in 

Figure 3.1. 
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Figure 3.1  Geometry of corner crack 
 
 

Being able to design for corner cracks could reduce the cost of structural glass 

construction.  If a glass member could be designed for a non-abraded, as-cut surface, 

then the cost of edge processing is eliminated.  Since this is expensive compared to the 

material cost, economic savings would result.  There is no loss in aesthetic quality from 

using as-cut glass, as the edge away from the initial scoring marks is very smooth and 

has a polished appearance.  However, corner cracks also occur in polished square-

edged members, and so a more accurate design method for these will also be of benefit. 

 

The Crack Size Design method is based on modelling the long term crack growth over 

the lifetime of a structure.  It is uncertain, at the outset, whether a corner crack under 

stress would grow to equate the lengths a and c, or whether the larger of these two 

dimensions would be critical and extend rapidly to failure.  This chapter focuses on how 

the corner crack propagates, with particular emphasis on the variation in crack aspect 
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ratio.  Also, the effect of finite plate thickness on the stress intensity factor, which might 

normally be investigated in a quarter plane formulation, is considered. 

 

The long term growth patterns of corner cracks in plates of finite thickness, and a way in 

which to allow for them design, is the subject of this chapter.  It is also necessary to 

determine the size of the initial crack as a starting point for design.  In the initial Crack 

Size Design method, short-term failure stresses could be converted to a failure-initiating 

crack size by making use of the fact that the edge crack geometry is determined by a 

single parameter, the crack depth.  Corner cracks, if considered simply as quarter 

ellipses, have two dimensions that define their shape, viz. their depth up the plate and 

their width across the glass thickness (dimensions c and a of Figure 3.1 respectively).  It 

is not possible to determine from the single piece of information (the failure stress) what 

these two dimensions are.  A way to overcome this indeterminancy in the design process 

is therefore sought here. 

 

3.2  Fracture mechanics of a corner crack and the 

modelling method 

Figure 3.1 shows a quarter ellipse corner crack under far field tension.  This is an 

idealisation of the cracks that often occur on glass edges.  Since structural glass 

members are deep compared to the size of the crack, the stress field caused by bending 

effects is assumed to be constant over the crack.  The applied stress is shown as σ in 

Figure 3.1. 
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Newman & Raju (1984) performed numerous finite element analyses of the crack 

geometry of Figure 3.1.  Their results formed the basis of empirically derived equations 

which are lengthy and therefore not reproduced here.  Similar problems were later 

investigated mathematically by Zhao & Sutton (1995), whose work supports the earlier 

results.  The Newman & Raju equations show that the stress intensity factor varies 

smoothly around the crack perimeter and is dependent on the aspect ratio a/c  and the 

crack to plate width ratio a/t .  Figure 3.2 shows a typical stress intensity factor 

distribution around the edge of a corner crack. 

 
Figure 3.2  Stress intensity factor variation around crack perimeter 
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(3.1)

 

As the stress intensity factor varies around the perimeter of the corner crack, equation 

(3.1) (reproduced here from equation (2.2)) implies that the speed of crack growth, v , 

will also vary around the crack.  Hence the dimensions of the crack will change so that 
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the aspect ratio will not remain constant.  The analysis pursued here assumes that 

although the aspect ratio changes, the quarter-elliptical profile of the crack remains.  This 

assumption is made on the basis of experimental and theoretical evidence.  Ohji et al. 

(1992) experimentally tracked the growth of quarter-elliptical cracks in steel.  Crack 

propagation in steel is described by Paris' Law, which is of a similar form to equation 

(3.1).  These experiments found that an elliptical profile was maintained.  Dai et al. 

(1997) modelled the growth of a series of crack profiles, not just quarter ellipses.  Their 

results show that the crack maintains a smooth profile, and more interestingly that even 

an initially "rough" crack propagates so that the profile becomes smooth and very nearly 

elliptical.  These results suggest that the assumption of a crack maintaining a smooth 

quarter-ellipse profile during loading is acceptable. 

 

Once it is established that a quarter-ellipse profile is appropriate, the stress intensity 

factor at any point on the circumference of the crack may be obtained from Newman & 

Raju (1984).  The growth of the two perpendicular crack dimensions, a and c, are 

modelled over time.  For each time point, the Newman & Raju stress intensity factors at 

the two ends of the crack are used to determine the respective growth speeds, using 

equation (3.1), and hence the new crack dimensions and aspect ratio.  This corresponds 

to a progression of the crack front similar to that shown in Figure 3.3.  The process 

continues until the stress intensity factor at either end of the quarter-ellipse reaches the 

critical value at which point sudden failure is assumed to occur. 
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Figure 3.3  Crack front propagation with time for a quarter ellipse crack in a quarter plane 
 

3.3  Crack growth behaviour 

Figure 3.4 shows the degradation in strength with duration of loading due to crack 

growth, often referred to as "static fatigue".  The case analysed is for an initial value of 

a/c=0.2.  It demonstrates the well known behaviour that the stress that a piece of glass 

can sustain reduces with the period over which it is being loaded.  The plot for the 

quarter elliptical crack was based on the crack growth algorithm described in the 

previous section.  The figure shows that the current model produces results that agree 

with the empirically based relationship σnt=const (Charles, 1958). 

 

Figure 3.5 gives a typical set of data showing the variation in crack aspect ratio over the 

lifetime of the cracks when subjected to constant stress.  In this instance it is assumed 

that the thickness of the glass plate is sufficiently large compared with the crack size so 

that a quarter plane may be used to model the glass.  The effect of thickness is discussed 

later. 
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Figure 3.4  “Static fatigue” strength degradation with time 

 
 

 
Figure 3.5  Variation in crack aspect ratio with time 

 
 

The figure clearly shows that the aspect ratio tends to unity with time, that is the profile 

approaches a quarter circle.  The failure times for each crack represented in Figure 3.5 

were different, with that for a/c=0.2 being very short.  For this particular case, the stress 

used in the model caused failure after a matter of seconds so that the initial stress 
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intensity factor at one end of the crack was already close to the critical value and failure 

intervened before significant amounts of slow crack growth occurred. 

 

The convergence to a quarter circle profile can be explained through an investigation of 

the fracture mechanical processes.  Let Ka and Kc denote the stress intensity factors 

corresponding to the dimensions a and c of a quarter-elliptical crack.  Figures 3.6a and 

3.6b give example histories for the growth of a and c and their respective stress intensity 

factors.  It is found that the smaller dimension has the highest corresponding stress 

intensity factor.  For example, if c is twice as large as a then Ka will be larger than Kc.  

The dimension with the higher stress intensity factor will grow at a faster rate, as given in 

equation (3.1).  This equation shows that the speed is a power function of stress 

intensity factor with the exponent n.  Since n is generally of the order of 16 for glass, any 

difference between the stress intensity factors Ka and Kc will result in a proportionally 

much higher difference in the crack growth speed.  Therefore, the crack dimensions tend 

to grow to a point where the stress intensity factors become equal.  For an infinite 

quarter plane this configuration is a quarter circle.  The process of convergence can be 

seen in Figures 3.6a and 3.6b. 

 

If the stress is sufficiently high that the initial stress intensity factor at one end of the crack 

is near ICK , then failure can occur before there has been much opportunity for crack 

growth.  This results in failure at an aspect ratio lower than 1, as seen in the curve for 

a/c=0.2 in Figure 3.5. 
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Figure 3.6a  Crack size history 

 
 

 
Figure 3.6b  Stress intensity factor history 

 
 

3.3.1  Effect of finite thickness 

The introduction of a finite third boundary to the quarter plane idealisation affects the 

stress intensity factors around the crack.  The plate thickness parameter was included in 

Newman & Raju’s work to allow for this effect and therefore may be easily 
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incorporated into the model being used here.  Figure 3.7 gives a number of crack aspect 

ratio histories for a crack, but in each case with a different plate thickness.  The figure 

shows that as the plate thickness reduces the crack propagates to a ratio less than 1.  It 

is important to note that for these cases the final aspect ratio is still one that equalises the 

stress intensity factors at each end of the crack, but due to the new free boundary this 

point occurs for a different aspect ratio. 

 
Figure 3.7  Effect of finite thickness on the crack aspect ratio history 

 

3.3.2  Effect of n 

It has been discussed earlier that the progression towards an aspect ratio of unity is 

based on the different speeds of crack growth at either end of the crack when the stress 

intensity factors are unequal.  Crack growth speed is dependent on n, as given in 

equation (3.1).  Figure 3.8 shows the effect that different values of n have on the aspect 

ratio history of a crack.  The values of 12 and 20 are the typical limits encountered for n 

in glass design.  The figure demonstrates that these values of n are all sufficiently large to 

result in a migration towards a quarter circle profile. 
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Figure 3.8  Effect of n on the crack aspec t ratio history 

 

3.4  Proposed design modelling method 

The behaviour of corner cracks as they grow, determined in the previous sections, is 

summarised diagrammatically in Figure 3.9.  It shows there to be three basic termination 

conditions for the analysis.  In case (a) the initial conditions result in a stress intensity 

factor at one end of the crack which is sufficiently high to cause failure after minimal slow 

crack growth.  This corresponds to a short failure time, generally on the scale of 

seconds.  Since structural engineering projects are required to last many decades, this 

condition is not relevant to design.  In cases (b) and (c) the initial stress intensity factors 

are sufficiently low that significant slow crack growth occurs with time.  In the latter 

case, (c), it is noted that the corner crack may extend the whole way across the glass 

plate thickness, invalidating the assumed geometry of the current analysis.  However, it 

was given in section 3.1 that the corner cracks encountered in practice are rarely larger 

than 15% of the glass thickness, implying that this termination condition will be 

encountered rarely in design situations.  Finally, (b) represents the case where the corner 
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crack grows to equalise the stress intensity factors at either end of the crack, and this 

corresponds to a final crack aspect ratio approaching unity.  

 
 

Figure 3.9  Diagrammatic representation of the corner crack growth process 
 
 

It has been discussed earlier that material strength testing is not able to provide sufficient 

information to determine both dimensions a and c of corner cracks in glass.  However, it 

has been shown that, regardless of the initial aspect ratio, the crack will propagate so 

that it approaches a quarter ellipse, or more precisely a quarter circle, for general 

structural glass applications.  It is proposed here that a design corner crack be assumed 

which initially has a quarter circular profile, and that it grows maintaining this shape.  This 

assumption is based on the above observation that cracks usually approach this profile.  

Only one dimension needs to be considered, that is the radius.  The short term strength 

data can therefore be used to calculate an equivalent crack radius.  Design then 

continues as described in the initial Crack Size Design method of Chapter 2 where the 

crack dimension being analysed is the radius rather than the through thickness depth.  
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The accuracy of the design that can be achieved with this approximation is addressed in 

the remaining sections of this chapter. 

 

The assumption of a quarter circle, and therefore a fixed aspect ratio, uncouples the 

dependence between the aspect ratio and crack growth rate which resulted from 

substituting the Newman & Raju functions into equation (3.1).  The stress intensity 

factor can now be described in the standard form, aYK I πσ= , where Y  becomes 

0.722. 

 

The remainder of this chapter is concerned with investigating the accuracy of the 

proposed model via a series of numerical analyses of glass members with quarter 

elliptical cracks (of different aspect ratios) and their corresponding quarter circle design 

crack equivalents. 

3.5  Initial conditions 

It is necessary to determine how to calculate the initial size of this design crack for the 

new design method.  This will be done using information provided by the short term 

failure stress test.  In standard testing methods glass is loaded with a linearly increasing 

tensile stress (see, for example, Williams & McKenzie (1997) or Ritter et al. (1985)).  

The rate of stress increase might range from 0.5 to 5 MPa/s.  It is well established that 

slower rates of stress increase result in lower failure stresses, as there is a longer time for 

subcritical crack growth to occur.  Hence, although the failure stress results are 

recorded for short time periods they do not represent an instantaneous failure stress. 
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The equivalent quarter circle design crack size used in this work is one that would grow 

to fail at the same stress after the same duration of loading as the crack which leads to 

failure in the short term test, as shown in Figure 3.10.  To determine the initial crack size 

the time to failure and stress rate from the test are required.  For a quarter circle crack in 

an infinite quarter plane, the fracture mechanics equations of Newman & Raju (1984) 

and the slow crack growth equations of Chapter 2 can be manipulated to give, 

 

n

n
n

n

rate

In
f

n

IC

rate
f a

aY

K
t

K

Y
v

n
n

a

−−
+

+














+



























−











+
−=

2

2

2

0

1

0

01
0)1(2

2

πσ

πσ
     (3.2) 

where fa  = crack size at failure = 
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 rateσ  = the rate of stress increase from the short term test 

 ft  =  time to failure of the test specimen 

 0IK  =  threshold stress intensity factor below which no slow crack growth 

occurs 

 0a  =  initial crack size 

 

Equation (3.2) gives the final crack size at failure and may be used to find the equivalent 

initial crack size which led to that failure.  This initial equivalent crack is then the one that 

defines the size of the design crack at the start of the life of the glass member and it  is the 

modelling of the subsequent growth of this crack which is the basis of Crack Size 

Design. 
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Figure 3.10  The quarter ellipse crack in a finite thickness plate (left) and the equivalent 

quarter circle crack in a quarter plane which is used for design (right) 
 

3.6  Effect of thickness on design 

In earlier sections it was shown that, even with finite width, the assumption of 

progression towards an aspect ratio of 1 was still reasonably accurate.  However, the 

third edge also has an impact on the stress at which failure occurs.  Figure 3.11 shows 

the stress degradation curve for a series of simulated glass members.  Each has the same 

initial crack size, but the glass plate thickness varies.  The figure shows a general but 

slight trend of decreasing strength with increasing crack to thickness ratio. 

 
Figure 3.11  Static Fatigue curves for glass specimens with varying thickness 
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The question is now whether the proposed modelling technique can account for the loss 

of strength with thickness.  In the simulations the elliptically-cracked, finite thickness 

plate member was modelled by a circular crack in an infinite quarter plane.  The initial 

crack size for the quarter circle crack in a quarter plane is determined from the short 

term failure characteristics of the quarter ellipse crack in a plate of finite thickness.  

Figure 3.12 shows a typical set of stress degradation curves comparing the behaviour of 

a series of design cracks, each with initial crack size based on a different material test 

stress increase rate in the short term test, with the quarter-elliptical, finite thickness 

original.  Even though the crack to thickness ratio of a/t=0.25 is larger than would 

normally be encountered, the difference between the two cases is still remarkably small.  

Extensive simulation revealed that errors of less than 1% (for n=16) were standard for 

most of the lifetime of the member, although larger errors were found near the subcritical 

growth threshold limit.  Hence the proposed model can be easily applied to finite 

thickness glass members, and the thickness itself does not need to be accounted for 

explicitly. 
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Figure 3.12  Static fatigue plots for crack with initial size based on different stressing rates 

 

3.7  Effect of n on design 

In a similar way to the variation in thickness, the variation in n results in different failure 

stresses, even though the cracks still propagate to an aspect ratio of 1.  Typical values 

for n range from 12 to 20.  Previous results given in this chapter have been for n=16.  

Figure 3.13 shows the percentage errors between the times to failure for the design 

model and for the original crack for a range of values of n.  For a high n there is very 

little error between the elliptical crack and the circular design equivalent since the high n 

accentuates the difference in crack speeds for different stress intensity factors.  Errors of 

less than 0.1% are easily achievable if n is 20.   Decreasing n reduces the accuracy.  

This is demonstrated by the larger scatter in Figure 3.13.  For the lower limit of 12 for n 

there is an error of roughly 5% in some cases, which is still acceptable.  The lack of 

smoothness in the curves of Figure 3.13 is a result of the numerical modelling.  
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Figure 3.13  Percentage error for various values of n 
 

3.8  Subcritical threshold 

It has been noted that an asymmetrical crack has different stress intensity factors at each 

end.  Since the design crack is an “average” of this crack, the stress intensity factor in 

this circular equivalent will probably be between the values at each end of the original 

crack (although for large ratios of a/t  this may not always be the case).  There is an 

implication here that the modelled crack will start growing at a different stress to its 

design crack equivalent.  It is important to investigate this problem, as it may lead to the 

designer assuming safety below the threshold stress intensity factor when in fact the 

crack is growing, and therefore heading towards failure. 

 

Figure 3.14 shows the percentage error between the stress at which the original elliptical 

crack would start growing compared to that of its circular equivalent.  The results are 

given for a range of aspect and crack size to thickness ratios.  Trends between the plots 
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are not easily visible as there is not necessarily a dimensionless constant common 

between them.  However, it can be see that the errors are small, and all less than 10%.  

It is suggested that in design the capacity reduction factor for threshold stress intensity 

factor (φ, from equation (2.8)) be scaled down by this margin, in addition to allowing for 

uncertainty in measurement. 

 
Figure 3.14  Error between subcritical threshold stress for elliptical and equivalent circular 

cracks 
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Various authors, such as Hoek & Bieniawski (1965), Nemat-Nasser & Horii 

(1982), Horii & Nemat-Nasser (1986), and Ashby & Hallam (1986), have shown 

that this mechanism of inter-connecting wing cracks results in the variable 

ultimate compressive strength of a brittle member.  Although many of the 

experiments were conducted on glass plates, the practical application was directed 

at failure in brittle rock.  The results and behaviour for glass found in the 

experiments agree with the practical outcomes for rock. 

 

 

Fig 4.3 Crack growth leading to global failure as cracks combine 
 
 

The work discussed above shows that failure of a brittle material in a bulk 

compressive field is both possible, observable and describable.  However, all 

published studies have focused on cracks in an infinite plane.  In this chapter the 

case of an edge crack in a uniform compressive field is investigated, as shown in 

Figure 4.4.  This has direct relevance to a glass column whose largest cracks are 

located along its edges, due to edge grinding processes, as described in Chapter 2.  
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Figure 4.4  Inclined edge crack under compressive loading 
 

4.2  Determination of the mode II stress intensity factors for 

an inclined edge crack in a compressive field 

The initiation of a wing crack is strongly dependent on the mode II stress intensity 

factor at a crack tip.  Therefore, in this section, KII for an edge crack in a 

compressive field is investigated.  The solution is capable of dealing with the case 

where the crack is at a shallow angle to the surface; a notoriously difficult 

problem to solve accurately.  The method developed here produces an accurate 

solution in a numerically efficient manner, and has other practical applications, for 

example to the solution of squat defects in rail-heads. 

 

For brevity, only uniform far field compression will be considered in the 

formulation.  However, the technique is also appropriate for a varying stress field, 

and shall be applied accordingly in subsequent chapters.  The solution is two 

dimensional in nature and valid for both plane stress and strain.  

4.2.1  Formulation 

Figure 4.5 shows the geometry of the problem being considered: a half plane of 

elastic material containing a single edge crack of length a, inclined at an angle θ to 

the surface normal.  The coefficient of friction between the crack faces is f. 
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Figure 4.5  The geometry being considered 

 
 

The solution is based on the distributed dislocation method (see, for example, 

Nowell & Hills (1987) or Hills et al. (1996)).  The fundamental strategy is to 

determine the stress field along the line of the crack, in its absence, and to 

introduce dislocations to relieve these stresses as appropriate to simulate the 

presence of the crack.  Here, because the crack is closed throughout its length, the 

direct traction (compression) is sustained everywhere, and the perturbation 

provided by the dislocations needs only to permit a shear displacement between 

the crack faces.  Hence only local ‘glide’ dislocations are needed. 

4.2.1.1  Preliminaries 

A far-field bulk compression, of magnitude σ0, generates tractions everywhere 

along the line of the crack, in its absence, of 

 

θσσ 2
0 cos−=N        (4.2a) 

θθσσ cossin0 −=S       (4.2b) 

 

where σS and σN are the shear and normal stresses respectively, expressed in the 

local coordinate set of the crack (see Figure 4.6).  The strategy followed here is to 

distribute strain nuclei, in the form of dislocations, along the line of the crack, so 
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as to restore the Coulomb friction law, imposed in a point-wise sense.  That is, a 

slip displacement is permitted between the two crack faces, such that, at each 

point, fNS =σσ , where f is the coefficient of friction.  In order to do this, the 

stress state expressed in a coordinate set coincident with the crack orientation, due 

to an edge dislocation whose Burgers vector also lies in the local slip direction is 

required, Figure 4.6.  The stress state expressed in the global coordinate set, due to 

a dislocation whose Burgers vectors are also expressed in the global set was given 

in Nowell & Hills (1987).  It is then necessary to resolve the Burgers vector and 

transform the traction components of stress into local coordinates.  In this way we 

define a set of functions, )ˆ,ˆ(ˆˆ cxG yi
, relating the stress state at point )0,ˆ(x  to the 

strength  of a dislocation, )ˆ(ˆ cbx , shown in Figure 4.6. 

 )ˆ,ˆ()ˆ(
)1(

~
ˆˆˆˆˆ cxGcb yixyi +

=
κπ
µ

σ       (4.3) 

where µ = modulus of rigidity 

κ = (3-4ν) in plane strain 

ν = Poisson’s ratio 

yxi ˆ,ˆ=  

 

 
 

Figure 4.6  Dislocation arrangement 
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4.2.2  Solution technique 

It is now possible to write down the value of the shear traction, S(x), at any point 

along the crack.  This has a contribution from the bilateral stress field (equation 

(4.2)), together with the effect of a distribution of glide dislocations, of unknown 

density, )(ˆ uBx , and may be represented by the following integral: 

∫
−

+=
2/

2/

ˆˆˆ ),ˆ()()()(
a

a
yxxS duuxGuBxxS σ      (4.4) 

where 
u

b
uB x

x d

d
)( ˆ

ˆ =  

 

Similarly, the direct traction, N(x), may also be written down as the sum of the 

bilateral stress field, together with a contribution from the dislocations, i.e. 

 

 ∫
−

+=
2/

2/

ˆˆˆ ),ˆ()()()(
a

a
yyxN duuxGuBxxN σ .    (4.5) 

 

It can then be seen that if the crack is slipping at every point along its length, the 

direct and shear tractions are related by 

 

 )()( xNfxS ±= .       (4.5a) 

 

Substituting the two integrals into this equation then leads to the following 

integral equation for the unknown dislocation density, )(ˆ uBx  

 



Chapter 4:  Compression Loading of Glass 

73 

( ) ( ))ˆ()ˆ(),ˆ(),ˆ()(
2/

2/
ˆˆˆˆˆ xfxduuxfGuxGuB NS

a

a
yyyxx σσ m−=±∫

−
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4.2.3  Numerical Solution 

The typical way of solving equation (4.6) is to use the standard Gauss-Chebyshev 

numerical quadrature (Nowell & Hills, 1987).  Strictly speaking, this approach is 

valid only when the integral has a true Cauchy kernel.  Here, it is of the 

generalised type and this has an important effect on the convergence of the 

solution.   In the case of an open, surface breaking crack, the Gauss-Chebyshev 

quadrature forces the dislocation density at the crack mouth to be zero, and hence 

the crack faces to remain parallel, which is an artificial constraint.   The problem 

is particularly severe, and affects the quality of the solution, when the crack is at a 

very shallow angle to the surface.  A similar phenomenon is experienced with 

shearing displacements.  A modification to the quadrature, developed by Dewynne 

et al. (1992), was employed. This method allows for a finite value of the Burgers 

vector at the surface.  This is achieved by introducing an additional triangle of 

Burgers vectors over the crack, whose value is zero at the crack tip and finite 

( 1
ˆ
−
xB ) at the surface.   

 

The details of the procedure adopted are as follows: first, the coordinates are 

normalised with respect to the crack half length,  so that the interval of integration 

of equation (4.6) becomes [-1,1].  Since the dislocation density is bounded and 

finite at the surface and singular at the crack tip, the dislocation density )(ˆ uBx  can 

be expressed as the product of an unknown bounded function, φ(u), and a 
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fundamental function (Erdogan et al., 1973) together with a term to account for 

the triangle of Burgers vectors, thus 

 

)()1()1)(()( 1
ˆ

2/12/1
ˆ ugBuuuuB xx

−− ++−= φ  for 11 ≤≤− u             (4.7) 

where 

)1(
2
1

)( uug −= . 

 

Applying the integration scheme of Erdogan et al. (1973) to equation (4.6) leads 

to the following set of simultaneous equations. 
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Note that for uniform far field compression, )( kS vσ  and )( kN vσ  are constants, as 

defined by equation (4.2).  However, varying stress fields can be easily 

incorporated into this solution method by evaluating the stresses at the points kv . 
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The m  sign is incorporated into equation (4.8) as θ , Figure 4.5, may be of either 

sign, and the magnitude of the shear traction is always reduced by friction.  

Additionally, the coefficient of friction must not be so high that adhesion occurs. 

 

The set of simultaneous equations described in equation (4.8) consists of N+1 

unknowns in N equations.  The final equation is given by Dewynne et al. (1992), 

who show that the consistency condition of 0)1( =−φ  is required for this solution 

method.  The quantity )1(−φ  is evaluated using Krenk’s formula (Krenk, 1975). 
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The set of simultaneous equations is easily solved using computer library routines.  

Upon solution the stress intensity factor may be found from the following (Nowell 

& Hills, 1987): 
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4.2.4  Results for an edge crack in a uniform compressive field 

Figure 4.7 displays the mode II stress intensity factor for a wide range of 

coefficients of friction and for crack inclinations from 0 � to 90�.  Values were 
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obtained up to °= 85θ , with N set to 250.  The shape of the frictionless curve 

(f=0) mirrors the behaviour of Sσ , having a maximum at about °= 45θ .  Note, 

however, that for finite friction the KII maximum is slightly offset from 45� due to 

the presence of the free surface and its effect on the dislocations. 

 
Figure 4.7  KII versus θ for various coefficients of friction, f 

 
 

Friction on the crack faces reduces the resultant shearing traction, which drives the 

magnitude of the mode II stress intensity factor.  Also, for low inclinations the 

normal stress is high compared to the nominal shear stress, so that the frictional 

reduction of the shearing stress is sufficient to annul it completely.  The crack 

therefore “sticks” for low inclinations, giving 0=IIK . 

 

The results of Figure 4.7 may be summarised in a different way.  Figure 4.8 shows 

the angles below which there is no KII, and the angles where KII is a maximum, for 

a given coefficient of friction.  Note that the line defining the conditions where 

IIK  vanishes may also be obtained from the bilateral stresses.  It is defined by the 

points where τσ =f , ie. 
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Figure 4.8  Conditions for 0→IIK  and max

IIK  as a function of inclination angles and the 
coefficient of friction 

 

Figure 4.9 explicitly gives the maximum KII that can be expected for a given 

coefficient of friction. 

 
Figure 4.9  Maximum KII versus coefficient of friction 
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4.3  Wing crack growth in a bulk compressive stress field 

In section 4.1 the mechanism of wing crack propagation was introduced.  It was 

shown that wing crack initiation was dominated by the magnitude of the mode II 

stress intensity factor at the tip of the pre-existing crack (ie at the point which 

becomes the kink).  In section 4.2 this stress intensity factor was evaluated for an 

edge crack in a uniform compressive field.  In the current section the propagation 

of the wing crack is investigated analytically.  Similar methods to those used in 

section 4.2 are employed here to calculate the stress intensity factors at the end of 

the wing crack.  Issues of propagation are then considered as the wing crack 

length increases. 

 

In this section the wing crack is considered to be straight.  Experimental work (for 

example, Hoek & Bieniawski (1965), Brace & Bombolakis (1963), Nemat-Nasser 

& Horii (1982) and Horii & Nemat-Nasser (1986)) shows that the wing crack 

curves as it extends.  However, for small wing crack lengths the results presented 

here will be realistic.  Also, the emphasis in this analysis is to determine whether 

the half plane edge crack will propagate in a similar way to the infinite plane 

crack, rather than how this occurs for long wing cracks.  The assumption of a 

straight wing crack also simplifies the mathematical formulation, which is 

appropriate as this chapter constitutes the first attempt at a solution for this half 

plane edge crack formulation in the literature. 
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4.3.1  Formulation 

The geometry of the problem is defined in Figure 4.10.  The pre-existing crack 

(segment 1) is present in the half plane 0≥x , and is inclined at an angle θ1 to the 

surface normal.  The wing crack (segment 2) is inclined at θ2 to the surface 

normal.  The segments are of lengths a1 and a2 respectively. 

 
Figure 4.10  Details of the kinked crack geometry 

 
 

As the main crack is assumed to be closed throughout its length, only glide 

dislocations having a Burgers vector xbˆ  are introduced on segment 1 to relieve the 

shear stresses.  In the absence of segment 2 the segment 1 glide dislocations will 

generate a mode II stress intensity factor at the segment 1 tip (ie at what becomes 

the kink).  Now segment 2 is introduced which is subject to both shear and tensile 

stresses, as discussed earlier.  Therefore glide and climb dislocations ( yx bb ˆˆ , ) are 

introduced along segment 2 to relieve both shear and direct tractions. 

 

Further details of the orientation of the dislocations are given in Figure 4.10.  The 

segment 1 glide dislocations must be oriented at θ1, so that no opening 

displacements are induced.  For ease of calculation, the dislocations in segment 2 

are also oriented at this same inclination, so that continuity conditions at the kink 


