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ABSTRACT

The main purpose of this thesis is the development of a new constitutive soil
model emphasising the use of thermodynamic principles. This new approach to
plasticity modelling, termed ‘hyperplasticity’, was first developed by Collins and
Houlsby (1997) and Houlsby and Puzrin (2000). This idea has been further extended
to continuous hyperplasticity in which smooth transitions between elastic and plastic
behaviour can be modelled (Puzrin and Houlsby, 2001b). Applying hyperplasticity to
this researh, a kinematic hardening model specified by means of two scalar
functionals is used to accommodate the effect of stress history on stiffness. A rate-
dependent calculation for an approximation of the incremental stress-strain response
is introduced. The model developed in the research is named ‘kinematic hardening
modified Cam-clay (KHMCC) model’ and requires eight parameters (plus an extra
parameter for rate-dependent analysis). Triaxial test results from the Asian Institute
of Technology (AIT) and cyclic undrained triaxial data from Chulalongkorn
University are employed to establish the soil parameters for the new model. The
model is initially developed in terms of triaxial stress-strain parameters for the
purpose of comparison with the experimental data on Bangkok clay. The model is
expressed in FORTRAN code for implementation into the OXFEM finite element
program. Two examples of real geotechnical projects in Bangkok (a road
embankment and tunnelling in soft ground) are analysed under plane strain
conditions. Comparisons of the numerical analysis results with field data are made.
In addition, factors affecting the results of the analysis such as stress history and Kj,

are investigated.
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Introduction

Chapter 1

Introduction

In soil mechanics research many constitutive models are currently built in
terms of sophisticated mathematics which can be difficult to employ in geotechnical
engineering practice. This research therefore aims to develop a new constitutive soil
model for application in engineering practice and also to capture the main
characteristics of soil behaviour.

There are many different groups of constitutive equations used to characterise
the stress-strain-strength behaviour of materials. These constitutive models should be
contrasted with the majority of conventional design methods, where much simpler
representations of material behaviour are used. Examples of conventional design
methods are stability analyses, typically assuming rigid perfectly plastic behaviour;

while separate deformation calculations often assume linear elastic behaviour.

1.1 Real soil behaviour

Practical analyses of geotechnical problems at this time still often assume
material behaviour to be linear elastic. However, real soils do not simply behave
linear elastically. Real soil behaviour is highly nonlinear, with both strength and
stiffness depending on stress and strain level. For realistic predictions, a more
complex constitutive model is therefore required. Before delving into the constitutive
theory, it is useful to consider real soils and identify some important aspects of their
behaviour. Thus, the following section will begin by considering the behaviour of
soils.

The stress-strain behaviour of soils can be divided into two categories: elastic
and elasto-plastic behaviour. However, it is well established that this behaviour is
controlled by strain amplitude. For instance, soils can be regarded as perfectly elastic
(fully recoverable) only under extremely small strain levels, and as the strain
amplitude increases the apparent stiffness decreases. The most challenging problem
is how to describe, accurately, the smooth transition zone varying from the small
strain level (elastic) to the large strain level (elasto-plastic). Several experimental
researches show that the transition of the stiffness with strain level depends on the

overconsolidation ratio (OCR) and the magnitude of the mean effective stress (p). An
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example of the variation of stiffness with strain is presented by Soga ef al. (1995), see
Figure 1.1, where the result from four torsional tests on isotropically normally
consolidated kaolin varied the stress level. Puzrin and Burland (1998) illustrate the
small-strain behaviour of soils, dividing behaviour into three regions by means of
strain level: linear elastic region (LER), small strain region (SSR) and large scale
yield state. The initial stress-strain curve is linear in the LER and continues with
logarithmic stress-strain relation in the SSR. This idea provides a good agreement

with the small-strain behaviour of samples of Bothkennar clay.

14 -
400 kPa | 0.4
Dkl 38 ;
an2f * + ¥ “'0‘3‘. » | O OCR=1
& 1o 200 KPs 0, ¢ ® OCR=4
=) R * 03+ o o
L ost ay \’\_ ¢
4 100 kPa ‘.‘ N . ~b‘ * ®
_-g 6F T wsweeey, ‘e ~ 02— ® (o]
B 4 [30kPe \\l ‘\"\ . . o3 3
S [ AAS 4 t
i Tl NN .
- - 0.1}
wn 2 \‘\‘:u‘l&:‘
0 I 1 ! Le¥upa]
10° i0* 10° 10° 10" 10° 0.0 I | | L |
Shear strain (%) 0 1§ 30 45 60 75 9
Direction of the major principal stress, o°
Figure 1.1 Dependence of shear Figure 1.2 Undrained shear strength
stiffness on stress level (Soga et al., anisotropy of Boston Blue Clay
1995) (Seah, 1990)

Another feature of the stress-strain curve is that there is usually an unload-
reload loop called a hysteresis loop. The openness of the hysteresis loop increases
with strain amplitude. This behaviour is actually an effect of the immediate past
history of the soil. Experimental observation shows that the tangential stiffness
observed for a subsequent stress path depends on the immediate past history of the
soil. Stress paths which represent a continuation of the immediate past stress path
result in the lowest stiffness, and those which involve a complete reversal of direction
result in the highest stiffness. Intermediate values are observed for stress paths that
represent a sudden change of direction from the immediate past history. An example
of the effect of immediate (or recent) stress history is given by Atkinson et al. (1990),
and will be studied in more detail in chapter 2.

In recent years special testing devices such as true triaxial, directional shear
cell and hollow cylinder apparatus have been developed. The effect of the magnitude

of the intermediate principal stress (o,) can be investigated using this special
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equipment. The relative magnitude of the intermediate principal stress (o,) is
expressed by the value of b = %. For example, the undrained shear strength of
1793

undisturbed Haney clay in plane strain condition is some 10% higher than in triaxial
compression, according to Vaid and Campanella (1974).

An anisotropic behaviour of soils is also observed by directional shear testing.
In fact, soils are likely to be isotropic in the plane normal to its deposited direction,
and are therefore called cross anisotropic or transversely isotropic. For instance, the
data on the undrained shear strength of reconsolidated Boston Blue Clay varied the

orientation of the major principal stress (o) to the direction of deposition (Seah,
1990). It shows that the undrained shear strength drops by 50% as the angle of o, to

the deposited direction increases from 0°-90° as shown in Figure 1.2.

1.2 Problems associated with soil models

Due to the complexity of real soil behaviour, a single constitutive model that
can describe all facets of behaviour, with a reasonable number of input parameters,
has not been achieved. Consequently, there are many soil models available, each of
which has different advantages and disadvantages. The constitutive soil models can
be divided into two groups: elastic and elasto-plastic models.

Firstly, the elastic constitutive models are considered. The simple linear
isotropic elastic models, which require only two material parameters, do not simulate
any of important behaviour of real soil identified above, especially the change in
stiffness.  Although, the linear cross-anisotropic elastic models, which require 5
parameters, can reproduce anisotropic stiffness behaviour; they still do not describe
the change in stiffness. Nonlinear elastic models, in which the material parameters
vary with stress-strain level, give a substantial improvement on the shape of stress-
strain curve; however, they still fail to model other behaviour. In particular, they
never offer an irrecoverable or plastic strain along an unload-reload path.

Secondly, the elasto-plastic constitutive models are introduced. Tresca and
Von Mises elastic perfectly plastic material models (Figure 1.3(a) and 1.3(b)), which
require an extra input parameter than elastic models, are not suitable for all soils. This
is because they assume that the stress-strain characteristic does not depend on the

mean effective stress (p). Thus, the extended Von Mises yield function, known as a
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Drucker-Prager (1952) yield function is considered instead (Figure 1.4(a)). However,
the Von Mises model can be used to simulate the undrained behaviour of saturated

clay, which the input parameter plays the role as the undrained shear strength (s,,).

v " A
o't G2

c's s
Figure 1.3 (a) Tresca yield surface in  Figure 1.3 (b) Von Mises yield
principal stress space surface in principal stress space

The Mohr-Coulomb is the most well-known elastic perfectly plastic soil model
(see Figure 1.4(b)). This still however has no requirement of hardening/softening law.
The Mohr-Coulomb elastic perfectly plastic model needs at least two extra input

parameters from elastic models: cohesion and friction angle (¢',¢"). Furthermore,

there are some modifications of the Mohr-Coulomb model such as:
(1) using two different friction angles based on conventional triaxial

compression and extension results ( ¢, , ¢, ); and

(i1) adding the plastic potential function which requires the angle of dilation
(v") and non-associated flow rule to describe the dilation behaviour,
especially for dense sands.
The problem with the Mohr-Coulomb model is a discontinuity of the expression at the
corners in the deviatoric plane (7 -plane) as shown in Figure 1.5. As a result, other
failure surfaces have been suggested which are continuous and correlate more with
experimental result in the 7 -plane. Matsuoka and Nakai’s criteria is the most well

known, see Figure 1.5.
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' A ‘A
G, G,

6'3 0'3
Figure 1.4(a) Drucker-Prager yield Figure 1.4(b) Mohr-Coulomb vyield
surface in principal stress space surface in principal stress space

However, the elastic perfectly plastic models behave as purely elastic when

the stress state is inside the yield surface and purely plastic on the yield surface. This
is far from the real soil behaviour. Hardening/softening plasticity formulations can be
introduced to improve the stress-strain behaviour beyond the yield state. A simple
possibility of the mathematic formulation is in the form of exponential function,
which gradually increases/decreases from the yield strength until an asymptotic value
is reaches, playing the role of a residual strength.

AC 4

Figure 1.5 Failure surfaces in the deviatoric plane (7 -plane)
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In 1960’s, the critical state models, which will be described in more detail in
chapter 2, became the most successful models to describe normally consolidated soil
behaviour. The models still have some drawbacks which should be improved such as:

(1) they behave as the purely elastic inside the yield surface,

(i1) they disregard the effect of immediate stress history; and

(iii) they ignore the anisotropic behaviour.

AC 4 “0"1

(a) (b)

Figure 1.6 Schematic behaviour of multiple
yield surfaces model in z-plane

(a) Virgin condition (no stress history)

(b) After first loading from O to A

(c) After unloading from A to O

(c)

Presently there are several plasticity theories which try to improve the
problems of the critical state soil models. A multiple yield surface model is one
possible approach that has been suggested to model the aforementioned effects (see
Figure 1.6). The use of kinematic hardening plasticity with multiple yield surfaces

has proved to be a convenient framework for modelling the pre-failure behaviour of
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soils. This is because it can give a gradual change in stiffness, as more surfaces can
be used to increase the smoothness of the change. Furthermore, it is capable of
describing the effects of the immediate past history as well. The improvement of

anisotropic behaviour can be further included in the model.

1.3 Research objectives and structure of the thesis

Many plasticity theories are used and combined together to predict the stress-
strain response of soil in the overconsolidated state. The new constitutive model for
soil currently being developed is the multi yield surface type of model. Chapter 2
presents the background of constitutive soil models. Three examples of recently
developed soil models are illustrated; moreover, the model predictions and
comparisons are addressed in chapter 2.

A new development of a soil model based on thermomechanics is introduced
in chapter 3. The constitutive formulations in this chapter are developed based on the
modified Cam-clay model, which are presented in triaxial stress-strain parameters.
The incremental stress-strain calculation algorithms based on both rate-independence
and rate-dependence are presented in chapter 3.

Chapter 4 illustrates the experimental data from Bangkok clay, carried out by
Asian Institute of Technology (AIT) and Chulalongkorn University in Thailand. The
geological background for Bangkok clay and the testing programmes are stated here.
Prediction series of triaxial tests with the soil models are illustrated in chapter 5.
Comparisons between predictions and the experimental data from Bangkok clay are
also shown in chapter 5.

Chapter 6 explains the translation of the soil models from the triaxial stress-
strain parameters to generalised stress-strain parameters. The two-dimensional soil
models are implemented into the finite element program as new material subroutines.
A series of tests, which simulate the triaxial condition to test the new subroutines, are
carried out and presented in chapter 6. Two demonstrations using the models are
described in chapter 7. The comparisons between the analysis result and monitoring
data are also described in this chapter.

Finally, the conclusions on the development of new soil models are discussed

in chapter 8. Developments for future research are stated in this last chapter.

1-7



Constitutive model for soil

Chapter 2

Constitutive model for soil

A simple elastic theory is used to model the basic features of the stress-strain
behaviour of soils in routine engineering. An example is the calculation of final
settlement of a rigid foundation, in which a single parameter for soil stiffness or
flexibility (such as the coefficient of volume change, m,) will be sufficient to provide
the solution. However, additional predictions such as profiles of surface and
subsurface settlement, horizontal and vertical movements and soil-structure
interaction, require a relatively complex calculation and will usually need non-linear

stress-strain theory.

2.1 Constitutive models for soil
A general constitutive soil model can be written in the following form:
de = F(do,dt) 2.1)

Note that do and dt represent changes in effective stresses (not total stresses as in
other material models such as models for steel and concrete) and time respectively.
However, most soil models have been developed from the results of laboratory tests
with axi-symmetry condition (for example triaxial and oedometer tests).
Consequently, and for simplicity, the Cambridge parameters for stress and strain are

used to describe the stress-strain behaviour:

+2
p=w; q=(c,-0,)
2.2)
f=(e,+20) 5= 20rt)

where the subscripts a and r refer to axial and radial directions. The parameters p and

¢, are mean effective stress and volumetric strain, whereas ¢ and & are deviatoric

stress and shear strain respectively. These parameters are related to the bulk modulus
K and shear modulus G by

dq_
de

v s

K:d—p' 3G =

0 (2.3)
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Note that the multiplier 3 is needed to ensure that G corresponds to the general
definition used in solid mechanics. Graham and Houlsby (1983) introduce a general

constitutive equation for elastic anisotropic soil as

{dp}_ K J _{dgv} 24
dg| | J 3G |ds, (24)

where J results in cross-coupling between shear and volumetric behaviour. In the
case of naturally deposited soil, the stiffness depends on mode of deposition and its
stress history. The superscript * is introduced to distinguish the anisotropic modulus
from the isotropic modulus.

For a material which is elastic and isotropic, shear and volumetric stiffness are
decoupled, that is, J =0. The bulk modulus and shear modulus become elastic

following Hooke’s law, and the elastic constitutive equation can be written in the

de; 3 l/K 0 dp
{def }_[ 0 1/3G]{dq} (2.5)

where K,G are elastic bulk modulus and elastic shear modulus respectively. Note

form:

that the elastic parameters can also be defined in the term of Young’s modulus (F)

and Poisson’s ratio (v ) by the relations G = _E and K = _E .
2-(1+0) 3-(1-20)

2.2 Classical soil models

Many early developments of soil modelling are often referred to collectively
as Critical State Soil Mechanics (CSSM), introduced by Schofield and Wroth (1968).
CSSM combines three well-known concepts: the critical state line, normalisation with
respect to pre-consolidation pressure, and the state boundary surface (SBS). Based on
the critical state concept, a complete mathematical model of soil behaviour was
created by Roscoe, et al. (1963) and called Cam-clay model. The original Cam-clay
model developed for normally overconsolidated clay assumes that the energy is only
dissipated due to plastic shear distortion. Roscoe and Burland (1968) subsequently
developed the modified Cam-clay model (MCC), which considers both plastic
volumetric strain and plastic shear distortion in the formulation of the energy

dissipation equation.
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The shape of modified Cam-clay yield locus is assumed to be elliptical, as

shown in Figure 2.1(a). The equation of the yield locus is:

2

q
y=p2+M2—ppc=0 (2.6)

Making use of the state boundary surface as a yield surface and combining this with
an associated flow rule, the constitutive equation of modified Cam-clay can be

derived. The constitutive equation for plastic response may be expressed as:

(/”L—K)(szz—qz) K 2q(/1—1()
de, _ pv(sz2 +q2) pv visz2 +q2 ’ ' dp .7
de, 2¢(4-x) 4pg*(2-x) 1| |dg '

viM2p2+q2i viM4p4—q4i 3G
where v is a specific volume defined by v=1+¢, e is a void ratio, p. is the measure

of size of the yield surface which depends on the stress history, and M, A, as well as

are the soil parameters that define the state boundary surface as shown in Figure 2.1.

(Note that the elastic bulk modulus for the MCC model is defined as: K = ﬂ) Thus,
K

the complete description of the model requires five parameters to specify the shape
and size of the yield locus at a given pressure and specific volume, as well as the

elastic properties of the material.

Vi .
Isotropic
da NCL
csLIM
MCC yield surface
K
> Swelling
p. P Line
i
I
L
P
(a) ‘

(b)

Figure 2.1 (a) Yield locus of Modified Cam-clay model; (b) Critical state soil
parameters definition

The basic critical state model is particularly successful in describing the
principal features of soft clay behaviour. The model provides good predictions of

volumetric strain for normally consolidated soils subjected to isotropic consolidation.
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However, it also has disadvantages. It does not describe anisotropic consolidation
conditions because the shape of the modified Cam-clay yield surface is symmetric
about the p-axis. It also gives poor predictions for heavily overconsolidated clay, in
particular for shear strains, since it assumes purely elastic and reversible inside state

boundary surface.

2.3 Development in soil models

In order to represent more realistic soil behaviour in a model, it is necessary to
introduce plasticity within the SBS. To date, several approaches have been proposed.
There are two main ideas that are often used to introduce plastic strain inside the SBS.
The first involves mapping the stress inside the SBS to an image point on an extra
surface usually known as the bounding surface. The plastic behaviour is obtained by
relating the stress and the image points by means of the hardening rule. Examples are
the bounding surface model by Dafalias and Herrmann (1982), the Hashiguchi model
by Hashiguchi (1985); and the MIT-E3 model by Whittle (1993).

The other idea is to introduce multiple yield surfaces to give a smoother
transition between elastic and plastic behaviour. This idea can also describe the effect
of the recent past history. Illustrations of this idea include the multiple nested yield
surface by Mroz et al. (1978), multiple surface model by Prevost (1978); and the
continuous hyperplasticity model by Einav, Puzrin and Houlsby (2001).

2.3.1 The bounding surface concept

In the original bounding surface model by Dafalias and Herrmann (1982),
there is a ‘radial mapping rule’, in which each stress state inside the SBS is mapped to
a corresponding image point on the bounding surface. This idea can be applied to a
soil model as shown in Figure 2.2(a). The SBS is defined as the MCC yield surface
and a radial mapping rule is adopted to define the image stress (6*) from the current

stress state (0').

A smooth transition between elastic and plastic behaviours is obtained by

means of the hardening rule. The hardening rule can be written in the form:
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} (2.8)

where H, is plastic stiffness at the image point; ¢ and o, are the distance between the

H=H +H, ° 1+M
! 6, —6 n

current stress state and the SBS and the radial distance from SBS to the origin passing
the current stress state; Hy and n are parameters for non-linear hardening. The plastic
strain increment at the current stress state is generated at a progressive rate which
depends on how near the stress is to the SBS; the plastic strain increment is

proportional to 1/5. At & =0, the value of H is equal to H,, i.e., the model reduces to

the MCC model at this stage.

q A ’,/' q A

csL/]
L s/ m

yield surface

c surface

" elasti

P. P

Figure 2.2(a) Bounding surface plasticity model ~ Figure 2.2(b) Kinematic yield surface model
The bounding surface models are efficient for computation, as they do not

require the multiplicity of surfaces necessary in the multi yield surface models. There

are however some drawbacks. A major deficiency of this concept is the requirement

for the choice of a number of arbitrary functions (such as a mapping rule and a

hardening rule) without obvious physical interpretation. For monotonic loading the

model predictions are quite realistic and exhibit smooth transitions in response.

However, on unloading-reloading or a sudden change in the loading path, the models

are unrealistic. For example, in the case of ‘small’ strain levels, real soil is subjected

to a loading-unloading-reloading path (ABCDE) as illustrated in Figure 2.3. From A

to B, the stress-strain behaviour is plastic; next, the real soil behaves almost elastically

under a ‘small’ unloading-reloading path (BCD) as shown in Figure 2.3(a). However,

for reloading from C to D, the bounding surface model will produce a stiffness at the

same stress level as the loading path (i.e. point A) as presented in Figure 2.3(b).

When loading from D to E the real soil continuously shows a plastic stress-strain
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response. These effects can be described in terms of ‘recent stress history’, Atkinson
et al. (1990) and/or ‘immediate past history’, Houlsby (1999). A slight difference
between these two terminologies is that the recent stress history considers either a
sudden change in the direction of the stress path or the time spent at a constant stress
state before an imposed change in stress, whereas the immediate past history relates

only to the change of stress path direction.

[0} A o A
E E
B B
D D
A ¢ A ¢
€ g
(a) (b)

Figure 2.3 Unloading-reloading response in the small strain region; (a) real soil
behaviour, (b) bounding surface model behaviour

2.3.2 Kinematic yield surfaces concept
A more realistic response of overconsolidated soil can be described by means
of the concept of kinematic hardening surface. A kinematic hardening surface is
located within the SBS and the elastic nucleus is encircled by the surface. When the
stress point touches the surface, then plastic strain will occur. The plastic strain
increment can be evaluated by the flow rule. The surface is dragged by the stress
point, following a kinematic hardening rule until the surface contacts the SBS. The
simplest of these models, involving only two distinct yield surfaces, is depicted in
Figure 2.2(b). This two-surface model can describe three types of behaviour:
(a) Fully elastic, for stress states within the inner yield surface (elastic surface).
(b) Transitional zone, with the stress point on the inner yield surface but inside the
outer yield surface (point A)
(c) Fully plastic, when the inner yield and outer yield surface come into contact
(point B). This is the normally consolidated state condition.
The original idea of the kinematic hardening model was introduced separately
by Mroz (1967) and by Iwan (1967). Subsequently, the model has been extended to
multiple surfaces models by Prevost (1978). The best known of this is the multiple
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“nested” yield surfaces model by Mroz et al. (1982). The multiple “nested” surfaces
model is based on the assumption that the yield surfaces do not overlap. In some
models overlapping is allowed, although this may occur only rarely.

The multiple yield surface models can successfully explain the effect of
immediate past history. However, there are again some disadvantages. Firstly, the
multiple surfaces model requires a considerable amount of calculation. This problem
can be reduced by using a rate-dependent algorithm, which will be addressed later.
Secondly, the multiple surfaces model requires a large number of hardening
parameters. This problem can be eliminated by introducing a function to replace a

large number of kinematic parameters.

2.4 Some recently developed soil models

This section will present some selected recent developments of constitutive
models for soil. Based on the two different approaches for plasticity inside the SBS,
the present research on constitutive models can be categorised into two groups as
already described in the previous section. However, there are some models which
merge the two ideas together and end up with somewhat complicated mathematical
expressions, which are practicable. The following will explain the developments of
some selected soil models which are a kinematic hardening model (Wood, 1995),
three-surface kinematic hardening model (Atkinson and Stallebrass, 1991) and the
MIT-E3 model (Whittle, 1993).

The first two models based on the kinematic hardening concept are selected to
present here. Both models are modified from an original ‘bubble’ model (Al Tabbaa
and Wood, 1989) to improve the transition zone between elastic behaviour and
elastoplastic behaviour. The parametric study for the kinematic hardening model
(Wood 1995) was done by Rouainia and Wood (2000) for Norrkoping clay. On the
other hand, the three-surface kinematic hardening model (Atkinson and Stallebrass,
1991) was laboratory validated by using a centrifuge model foundation test at City
University and also numerically implemented into a Finite Element analysis
(Stallebrass and Taylor, 1997).

The MIT-E3 is the well known example based on the bounding surface

concept. The parametric studies for MIT-E3 model were done by Whittle (1993) for
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Boston blue clay at MIT and Zdravkovic (2001) for silt at Imperial College by using
special equipment such as resonant column and large hollow cylindrical apparatus

respectively.

2.4.1 A kinematic hardening model (Wood, 1995)

The kinematic hardening framework was applied to the MCC model to
describe the behaviour of overconsolidated clay in a ‘bubble’ model, Al Tabbaa and
Wood (1989). The underlying assumption is that soil ‘structure’ is seen as a
strengthening contribution which is progressively removed by plastic strain. A
‘bubble’, hypothetically treated as a kinematically hardening yield surface, can
describe small strain stiffness, degradation of stiffness with strain for
overconsolidated clays and hysteretic behaviour due to the immediate stress history.
In this model, a ‘structure surface’ is introduced to control the process of
‘destructuration’ through its interaction with the bubble, and this destructuration can
capture strain softening effects.

The model consists of three elliptical yield surfaces (Figure 2.4(a)). A
reference surface (rs) represents the intrinsic behaviour of the remoulded material. Its

equation is defined as follows:

2
2

=Py (2.9)

(p-py) +-1
0 M;

where (py,0) is the centre of this surface (p, = p2 < in the MCC model). The

parameter M, is the ratio of the semi-axes of the yield surface, as in the MCC model.

Taking into account an unsymmetrical critical state cone between compression and

2mM

h 0 i
(+m)—(-m)sin3g’ 07 =

extension, M, is further defined as: M, =

angle on the z-plane related to the second and third stress invariants (J>, J3), that is

3/2
2

-3v3J
—% <@=sin"' (#] < % . For the triaxial compression case 0 = % , M,=M;

. . . Vs 2mM
whereas in the triaxial extension casef = e M , = ——=. Note that normally the

(1+m)

m value should be between 1 and 0.7 for certain technical reasons.
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A bubble with centre (p,,g.,) and the size R times the size of the rs represents

the boundary of elastic response and the bubble’s equation can be written in the form:
2 (q -q, )2 2 2
(p—p,) +—2—=R’p; (2.10)
M6’

A structure surface (ss) with size r times the size of the rs takes the place of the outer
yield surface, or can be thought of as a bounding surface. The ss controls the process
of destructuration, with its mathematical equation given by:

(q - (r - 1)770170 )2

M,

(p-mp,) + =r’p? 2.11)

where 77, i1s a dimensionless shear stress controlling the soil structure. The above

equation indicates that both the size and location of the ss are affected by the process
of destructuration through the variable ». Note that the centre of the ss is
(”poa(r_l)'ﬂopo)-

The process of destructuration is controlled by the quantity r, which is
assumed to be a monotonic decreasing function of the plastic strain. A simple

exponential destructuration is then introduced as an example:

r=1+(r, —1)eXp[/1: kg;*j (2.12)

where 7y is the initial value of r (the initial degree of structure) probably related to the

sensitivity of the soil, and a general destructuration strain, &,, is defined as

de, = \/ (l—A)dgv” ’ + Adg? . The quantity de, increases whenever plastic strain

delor de! occurs; the parameter 4 controls the relative influence that volumetric

and distortion effects have in causing destructuration. For 4 = 1, the destructuration is
completely distortional, whereas for 4 = 0, the destructuration is fully volumetric. The
parameter k controls the rate of destructuration with strain, and A" and x" represent the
slope of the NCL and swelling lines in log v-log p space.

The elastic behaviour inside the bubble is assumed as behave as in the MCC
model, with the elastic strain increments as given in equation (2.5). The plastic
strains occur when the stress state lies on the surface of bubble. The plastic strain

increment vector is assumed to lie in the direction of outward normal to the bubble at
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the current stress. For the kinematic yield surface it is assumed that the size
parameter R is constant but the reference pressure py will be varying. Therefore,
when a stress increment is applied, it will require the kinematic hardening bubble to

translate. Since the bubble and ss have the same shape, a conjugate stress state ¢, can

be determined on the ss in the same geometric position as the current stress state on

the bubble:
Py _rl_ JPa
(oc B {(V _1)770170 }] "R (6 {qa }j 213

It is assumed that translation of the centre of the bubble occurs along the line joining
the current stress state ¢ and the conjugate stress state o,. This ensures that the

bubble may touch the ss but can never intersect it. The constitutive equation can be

written into the form given below.

_ 2 _ (q_%)
{dav”} o (p-p,)  (p-p,) Y {dp}
=L 7 (2.14)
de?|  RppV (p_p\(q—qb) (g-g,) dq
"M M;
where
W=(p—pa)+lj§7°(ij \/(p—pa)2+(qﬂ;§“j —k(rr_l)\/(l—fl)(p—pa)z+A(—qﬂ;§“J

and B, ware soil constants controlling the contribution and rate of change of

hardening. The scalar quantity b is the dot product between the vector joining the

stress state on the bubble ¢ and the conjugate stress state ¢, on the ss and the

outward normal vector to the bubble. Because all the yield surfaces are elliptical in
(p,q) space, the maximum value of b,,,, Will occur when the bubble is touching the ss
at a point diametrically opposite to the conjugate stress state (Figure 2.4(b)).

The model uses both the concepts of a kinematic hardening yield surface and a
bounding surface. The elastic behaviour, when the stress state is inside the bubble,
can be described by means of the MCC model. The bubble kinematic yield surface
can be used to describe the immediate stress history at the small strain level relatively

well. However, due to the limitation of a single kinematic yield surface, the soil
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behaviour under a complex applied load history (such as cyclic loading) cannot be
captured by the model. The introduction of the structure surface (or bounding
surface) with the destructuration parameters can model aspects of the ansiotropic and
strain softening behaviour by allowing the centre of the structure surface to move. All
of the surfaces are elliptic in shape similar to the MCC yield surface. The model also
modifies the value of semi-axis ratio of (M) by considering the asymmetry of the
critical state cone in compression and extension. The plastic behaviour of
overconsolidated clay can be described by a hardening rule using the bounding
surface concept which uses a geometric mapping rule. The two hardening parameters

are added in order to describe nonlinear plasticity behaviour.

oS m y

qi

Reference /
surface, rs /

Reference
surface, rs~~

Structure
surface, ss

Structure surface, ss

(a)
Figure 2.4 (a) Elastic bubble, reference surface (rs), and structure surface (ss) for
destructration model in triaxial space; (b) Conjugate stress (6,) and corresponding

stress (6, ) on extreme bubble for definition of byax, Wood (1995)

(b)

2.4.2 Three-surface kinematic hardening model (Atkinson and Stallebrass,
1991)

The three-surface kinematic hardening (3-SKH) soil model was formulated
specifically to simulate the behaviour of clays in overconsolidated states and during
early stages of loading. The model gives an improvement to the ‘bubble’ model of Al
Tabbaa and Wood (1989), so that the effect of immediate stress history and yield at
small strains or changes in the stresses can be modelled. The model is represented in
p-q space in Figure 2.5(a). It requires three yield surfaces: Modified Cam-clay SBS

(referred to as the bounding surface), and two nested kinematic surfaces (yield surface

TY
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and history surface), which are geometrically similar to the bounding surface. The

surfaces are defined by the following equations:

2

Bounding surface: (p—p,) +# = p; (2.15)
- . (g-4,)

History surface: (p-p,) + M—; =T’p, (2.16)
- . g-q,)

Yield surface: (p-p,) +M—2b =728 p? (2.17)

where (py,0), (ps,q.) and (ps,qs) are the coordinates of the centre of the bounding

surface (p, = l;" in the MCC model), the history surface and the yield surface

respectively, and (p,q) is the current stress state. The sizes of the history and yield

surfaces are controlled by the two fixed ratios 7 and S.

A

History
surface

(b)

Bounding surface

Figure 2.5 (a) The three-surface kinematic hardening model (3-SKH) in triaxial
space; (b) lllustrating the principle of the translation rule for the kinematic surfaces,
Atkinson and Stallebrass (1991)

The model can give three types of behaviour, which depend on where the
stress state is in the yield surfaces, and the location of each yield surfaces themselves.
If the stress state is within the inner yield surface, deformations are governed by the
isotropic elastic constitutive equation (equation 2.5) as in the MCC model; however,
elastic swelling is defined as a linear on the log v-log p space. Otherwise, the stress-
strain behaviour is elastoplastic with the associated flow rule on all surfaces, and an

appropriate hardening rule. The constitutive equation is of the form given below.
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O P N
{Z;}:%( p)z(?q—qb) p[(cj—qb])\jz '{fcj}

(2.18)

M? M?

where i = hg + H, + H, , and h, =%[p(p—pb)+q(qﬁ_ﬁb))

A and k" represent the slope of the NCL and swelling lines in the log v-log p space.
The above equations can be reduced to the MCC constitutive equation when all the
surfaces are in contact (2 = hy). Otherwise, the general case has to include H; and H,
terms, which are functions of the position of the history and yield surfaces
respectively. The functions H; and H> have to be added to ensure that they will give a
smooth change in stiffness, so an exponent is introduced as a hardening modulus

parameter, . The general hardening function can be finally expressed in the form:

] [(p_pb)_[p(p_pb)w(q—qb)j{bbl Tpgsz+£bb—2pr3] (2.19)

* * 2
/1 —-K M I max 2 max

where b; is the dot product of the normal vector at point B and vector B (the
movement vector from the point B on the history surface to the point C on the
bounding surface). b, is the dot product of the normal vector at point A and vector y
(the movement vector from the point A on the yield surface to the point B on the
history surface). These can be illustrated in Figure 2.5(b).

The model adds another kinematic hardening yield surface to improve the
variation of the elastoplastic stiffness; this make an improvement from the original
‘bubble’ model by Al Tabbaa and Wood (1989). The modifications on the effect of
recent stress history and yield at small strains are obtained by means of the two
kinematic and one outer yield surfaces with the same elliptical geometry. The size of
each surface is controlled by two fixed ratios (7, S). The model captures three types
of behaviour, depending on where the stress state is in the yield surfaces and the
location of each yield surfaces themselves. The elastic behaviour occurs, when the
stress state is inside the yield surface. The plastic behaviour of the overconsolidated

clay can be described by the kinematic hardening rule. The hardening exponent (i)

is adopted in order to explain the smooth transition of stiffness.
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2.4.3 The MIT soil models (Whittle, 1993 and Pestana and Whittle, 1999)

Research at the Massachusetts Institute of Technology (MIT) has developed a
series of generalised rate independent models for clays based on the theory of
incremental linear elasto-plasticity. This model evolved from MIT-E1. Its key
features are an anisotropic yield surface, kinematic plasticity and strain softening
behaviour under undrained condition for normally consolidated clays. Subsequently,
the further developments on model, MIT-E3, describe the rate independent behaviour
of normally to moderately overconsolidated clays (OCR<S8). The two additional
features incorporated into MIT-E3 are small strain nonlinear elasticity using a closed
hysteric loop and bounding surface plasticity.

The MIT-E3 model’s conceptual framework can be subdivided into three
components:

(a) an anisotropic yield surface with hardening rule and flow rule;

(b) a closed symmetric hysteresis loop; and

(c) a bounding surface plasticity formulation.

Table 2.1 Comparison between transformed variables for MIT-E3

Variables Generalised space Triaxial space
Effective stress o ,; (p, q )
Strain &y (5 v & )
o (Qp .0, ), where
Yield surface gradient | — > Where fis yield function o o
oo, 0 = I and O = L
P ap q aq
og
0 . . P . P |, where P =—=
Plasticity flow 6_g’ , where g is plastic ( ’ q) P op
Oj
direction og
potential function and P, = %
Anisotropic axis b, (Lb)

The anisotropic model always has to deal with all six components of the stress-strain

or some meaningful definitions. The constitutive relations have been presented in the
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original paper in terms of generalised effective stresses. However, in order to be
equivalent to other models, the MIT-E3 model equation will be expressed in triaixal
stress-strain parameters. This will make the MIT-E3 model formulation slightly
different from the original work. For more detail see Potts and Zdravkovic (1999).
Table 2.1 presents a comparison between the transformed variables that are used in

the original paper and variables in the triaxial case.

(a) An anisotropic yield surface
The yield function (Figure 2.6(a)) is assumed to be an anisotropic form of the

elliptical modified Cam-clay yield written in the form:

S=lg=p-b) -M’p(p.-p)=0 (2.20)
where b is the direction of the yield surface axis and M defines the ratio of the semi-
axes of the ellipsoid, which is slightly different from the critical state definition.

The failure criterion, at which critical state behaviour is exhibited, is defined
by an anisotropic conical surface:
h=(g—p-&) -k p* =0 (2.21)
where & describes two boundaries of the critical state cone in compression and
extension. Its axis of symmetry is on the direction & from p-axis, and a constant &
parameter defines the half range of critical state cone. These two parameters (&, k)
can be fully defined by the friction angles measured in triaxial compression and

extension tests (¢, ¢, based on Mohr-Coulomb’s failure criteria):

1 1
5 2( c e)’ 2( c+ e)

where C, :\/gm—¢}c; C, :\/z 6Sir‘1¢}5 .
3 3—sing,. 3 3+singy,

Note that the direction of anisotropy of the yield surface (b) does not generally

coincide with the direction of anisotropy of the critical state cone (&) as shown in

Figure 2.6(a).

Flow rule

The model uses a non-associated flow rule with the flow direction defined as:
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de? | |P,| M?p.r,
{des}—”{a}“”{m{@ +<rc>q}} 2.2)

o

where O, =6—:2(q— pb) is shear component of the yield surface gradient
q

3-(1-K
and x :( A j{ ! K [Ej}, Mk, =(—°NC) is the stress ratio at the K

A—& )| 3G\ 14+ 2K,

normally consolidated condition. The parameter », describes the location of the

current stress state relative to the failure surface (Figure 2.6(b)):

R, _a +b -d

0" ¢

CR, b'—d’

|

c

where: p R, is the vector between py and R., p,R, is the vector between C and R,

a =M (p,—phb =(b-ENg-pb).c = plk> —(b— &) andd” = b7 +a’c’).
The value of r. imply the following:

r, =1 the current stress state is on the axis of the bounding;

0 <r, <1 the current stress state lies inside the critical state cone;

r. =0 the current stress state is on the critical state cone;

r, < 0 the current stress state is outside the critical state cone;

and < > is a Macaulay bracket to make a more robust expression for 7, .

The obtaining of the increment plastic volumetric and shear strains also needs plastic
scalar multiplier (dA ), which is obtained from the standard plasticity equation. In this
KQ, de, +3GQ, de,

case dA = .
H+KQ,P,+3GQO,P,

The elasto-plastic modulus H is selected to describe the slope A in the v-In p
plot for all radial consolidation paths, strain hardening, peak strength, strain softening

and critical state condition for undrained shearing of K normally consolidated clays.

P
H= 21\42(/1 K j-K{pCZ L - S,M2p6x<rc>qu} (2.23)

—K

where §, is a material parameter which influences the strain softening behaviour.
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Hardening rule
The model assumes two hardening rules to describe changes in size and

orientation of the yield surface respectively:

d
DLe = ¢ der (2.24)
p.
2%
db="(r)(q ~ pb)de (2.25)

c

where ¢ is a scalar, obtained from the consistency requirement (df = 0). In this

2 - . . .
case: ¢ :i{ ! -i—‘PO <r >M}, with ¥, being a material constant

p. |M’p. P, ! .

controlling the rate of rotation of the yield surface. r, is a relative ratio between

orientation of the yield surface and the critical state cone, which is graphically
illustrated in Figure 2.6(b) and is defined as:

CR, _k-|p-¢

O'R, k

. =

X

The value of r, imply the following:

r. =1 the axis of yield surface coincides with the axis of the critical state cone;
0 <r <1 the axis of yield surface lies inside the critical state cone;

r. =0 the axis of yield surface is on the critical state cone;

r. <0 the axis of yield surface is outside the critical state cone.

The equation (2.25) describes rotational hardening of the yield surface and hence

controls the rate of change of anisotropy of the clay. The variable 7, is controlled by
the degree of anisotropy: 0 <r <1 (If , =1, the clay is an isotropic material). From

the fact that the axes of anisotropy does not rotate outside the critical state cone, thus

Macaulay bracket is introduced in the expression for 7.
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Figure 2.6 (a) MIT-E3 model in triaixal space; (b) Image stress point on the bounding

surface and the radial mapping rule, Whittle (1993)

(b) Hysteretic behaviour

The hysteretic model describes a closed symmetric hysteresis loop. The
elastic hysteretic formulation is based on Hueckel and Nova (1979) and consists of (i)
a criterion for identifying the load reversal point and (ii) an expression of tangential
stiffness, which is a function of the current stress state and the load reversal point.

The nonlinear tangential bulk modulus inside the hysteresis loop is expressed by

vp

= m (2.26)

5=Cn-(Ing, + g, )" (2.27)

where x, defines the initial slope in of the swelling line in v-In p plot, C and n are
material constants which characterise the non-linear behaviour in unloading, and @

describes non-linearity at small strain due to undrained shearing. The variables &,
and &, are dimensionless parameters which relate the current stress state (p,q) to the

stress reversal state (p,,,.q,,, )
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p/p,, for p>p,.,
& ={ (2.28)
"\ Pw/p for p.>p
& =n—1,, (2.29)

where 7 =g/ p is the stress ratio. The major assumption of the perfectly hysteretic

model is that the strains are fully recovered in a stress cycle. A further assumption is
that there is uncoupling between volumetric and shear behaviour in the perfectly
hysteretic model. Therefore, the elastic shear modulus (G) can be described by the
elastic relation, in which a constant Poisson’s ratio (or K/G constant) is used.

Another feature of this formulation is that the hysteretic behaviour is only a
function of the last load reversal point and maintain no memory of any previous
loading history. The definition of the load reversal point is achieved by introducing a
scalar strain amplitude parameter which describes the strain history from the

immediate stress reversal point as follows:

-

A load reversal point then occurs when the magnitude of y reduces, i.e. Ay <0.

&, —&

v vVrev

&, —€

if & %0

i 4 =0 (2.30a)

Srev

However, as the condition above is difficult to implement in an analysis, a more

robust expression is presented by Potts and Zdravkovic (1999):

r=\le, e, ) +e.—e,,) (2.30b)

(¢) Bounding surface plasticity

In the case of normally consolidated clay, the bounding surface is described by
the yield function; whereas, for overconsolidated clay, a radial mapping rule defines a
unique image point on the bounding surface (Figure 2.6(b)). Plastic behaviour at the
current stress state (py) is linked to the plastic behaviour at the image point /. The
plastic strain increments at py depend on the loading condition defined as:

>0 Loading

2.31
<0 Unloading ( )

KQ,de, +3GQ,de, = {

where O, and O, are the yield surface gradients at the image stress point in the

volumetric and deviatoric directions respectively.
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The MIT-E3 model assumes separate mapping rules for the elasto-plastic
modulus A and flow direction P,, P at the current stress state p, inside the bounding

surface. The flow direction and modulus are given in the forms:

P P _P g e
P _ ) pr po ol
{P} { » } (2.32)
q a7

H=H,+H, g, (2.33)
pC _p(‘ pC _pC
where Ppo :{szcrc+771Qq1}, g, = <0 g, =—° =<0 and
pc_pcoj pCO_pCOi
H, = 2L(pc - pco)thlel ; in which p_ and p, . are the reference pressure of the
Ky

yield surface at the current stress state py and at the first yield, and 2 and y are

dimensionless input parameters.

The MIT soil models have been developed based on experimental data,
especially that on Boston Blue clay. The conceptual framework encompasses three
concepts:

(a) Kyp normally consolidated yield surface, which allows yield surface distortion;
(b) a perfectly hysteretic model, which give a smooth changes of tangential
stiffness during unloading; and

(c) a bounding surface model with the radial mapping rule, which describes the

plastic behaviour inside yield surface by using the non-linear hardening rule.

2.5 Evaluation and Prediction of Models

In general, after the development of the model formulation, a parametric study
is carried out mostly by an evaluation of model against laboratory data especially
triaxial test. The simulation of a stress path triaxial test is carried out by using a
computer program which models the test as a single element. A set of model
parameters for any particular soil are obtained by using the procedure outlined above
excepted some special model parameters which may require sophisticated apparatus

such as resonant column and large hollow cylinder.

2-20



Constitutive model for soil

2.5.1 A kinematic hardening model (Rouainia and Wood, 2000)

The kinematic hardening model has been specifically tested for its ability to
reproduce a series of triaxial test results for Norrkoping clay from Sweden (Rouainia
and Wood, 2000). The thirteen model parameters have been estimated by using an
automatic optimization procedure. The assumption that all samples from the same

depth have the same initial conditions such as stress state, location of yield surface
and structure surface is made. However, the value of x , A", r,, and 77, have been
varied with depth in order to improve the match for the test concerned. The resulting

set of model parameters, which has been used for matching the data at 5Sm depth, is

shown in Table 2.2.

Table 2.2 Kinematic hardening model parameters for Norrkoping clay at depth
5m (After Rouainia and Wood, 2000)

Symbols Physical meaning Value
K Slope of swelling line in In v—In p plot 0.0297
1y Poissons’s ratio 0.22
ya Slope of NCL in In v—In p plot 0.252
M Critical state stress ratio 1.35
m Ratio of extension and compression strength 0.85
R Ratio of size of bubble and reference surface 0.145
b Stiffness interpolation parameter 1.980
4 Stiffness interpolation exponent 1.547
k Destructuration parameter 4.16
A Destructuration strain parameter 0.494
Peo Initial centre of reference surface 13.28
Ty Initial degree of structure 1.75
N Anisotropy of initial structure 0.50

The simulations of the consolidation procedure for all tests follow the stress
path in Figure 2.7. The optimization has been done using a Kj-consolidated undrained
compression and extension triaxial test (CKoUC and CK,UE) with approximately the
same effective stresses at the starting point (Figure 2.8). Other predictions based on

the optimized parameters have been carried out, which are
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(1) isotropic normally consolidated undrained compression tests with four
different pressures of 40, 50, 58 and 100 kPa (Figure 2.9);

(i1) anisotropic normally consolidated undrained compression tests with four
different initial stresses (Figure 2.10); and

(ii1) isotropic overconsolidated undrained compression tests with three different

overconsolidation ratios of 2, 5 and 9 (Figure 2.11).

q q

1a) (b)

Figure 2.7 Stress path during consolidation procedure
(1 =in-situ stress state; s = stress state at start of shearing);
(a) isotropic starting stress, (b) anisotropic starting stress,
Rouainia and Wood (2000)

It is not surprising that the normally consolidated undrained compression tests
(Figure 2.8 and 2.9) can be predicted well by the kinematic hardening model. This is
because the outer surface of the kinematic hardening model uses the MCC model
yield surface that generally gives a good prediction for the normally consolidation
clay. An improvement of the M value offers a slightly better prediction for
anisotropic normally consolidated undrained compression tests. This model gives
relatively accurate predictions for the overconsolidated sample, especially for the
stress path direction (Figure 2.10). The model can also describe the softening
behaviour due to the destructuration process (that allows the yield surface to relocate)
as shown in Figure 2.10. When actually presenting the tests results, however,
Rouainia and Wood changed some parameters including 4, B,y , k and ry for two
drained compression tests. It seems unreasonable to tune some parameters to offer a
better prediction of drained shear behaviour.

However, the simulation still requires at least another set of experimental
triaixal extension tests. The two predictions of drained shear tests are not enough to

make a conclusion. Moreover, there is still no evidence on hysteretic behaviour,
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especially the effects of immediate stress history on the unload-reload stress-strain

response.
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2.5.2 Three-surface kinematic hardening model (Stallebrass and Taylor,

1997)

A set of 3-SKH model parameters is obtained for comparison with the
experimental data from Speswhite kaolin as shown in Table 2.3 (Stallebrass and
Taylor, 1997). All eight parameters in the model are assumed to be constant, except

the elastic shear modulus ( G ), which varies with p and OCR according to the power

function. Five of the parameters (x, A, M, G, and e, ) carry the same meanings

and significance as previously defined in the MCC model. T and S can be evaluated
from two sets of isotropic consolidation stress paths (Figure 2.12(a)):
(1) a stress path after swelling from half of the maximum stress history (O-B-A); and
(i1) a stress path after one cycle of stress reversal (O-B-A-B-A).

The typical plots of secant bulk modulus (XK ) against p can be used to estimate T

and S values (Figure 2.12(b)). However, the exponent for the hardening modulus, ¥

is the only parameter that cannot be obtained directly from the experimental data; it

has to be derived from parametric studies.

Table 2.3 3-SKH model parameter for Speswhite kaolin (After Stallebrass,
1990)

Symbols Physical meaning Value
K Slope of swelling line in In v—In p plot 0.005
A Slope of NCL in In v—In p plot 0.073
M Critical state stress ratio 0.89

T Ratio of size of history to bounding surface 0.25

S Ratio of size of yield surface to history surface 0.08

4 Exponent in hardening modulus 2.5
Void ratio of isotropically normally

b consolidated soil at reference pressure p,=1kPa 1994

G Elastic shear modulus 60000*

0.65
*Calculate from G = 1964(£] -OCR"?
D,
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Stress path followed: O-B-A-B-A

Stress—strain response measured twice along B-A

g
A B 5
—— o] ur.ﬂ
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(a)
* Alter stress reversal
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Ap’=2TSp, - end of elaslic strains
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=
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— A r D T T T T T ! | —
B A AP 0 20 40 60 80 100 120 140 160
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(b)
Figure 2.12 Sketch showing (a) isotropic stress
path required to determine values for
parameters T and S; (b) typical stiffness plots
from T and S can be estimated, Atkinson, et al.

(1991)

Figure 2.14 Comparison between stiffness data
computed from a single element simulation and

measured data, Atkinson, et al. (1991)

q q’

(a) (b)

Figure 2.13 Typical stress path showing the recent stress history (AO) and its

sudden change of direction; (a) Anticlockwise direction (negative &), (b) Clockwise

direction (positive @ ), Atkinson, et al. (1991)
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sesasa Expearimental data
Three-surface model (3-SKH)

10 1.5 2:0
Shear strain: %

Figure 2.15 Cycle of loading during test, p;; = 300 kPa,
Pmax = 720 kPa: comparison between predicted and

measured stress-strain response, Atkinson, et al. (1991)

A study of the effect of recent stress history has been experimentally carried
out by Atkinson et al. (1991), who use test procedures as illustrated in Figure 2.13.
The simulations of tests have been numerically reproduced by following the same
stress paths. Figure 2.14 shows a comparison between experimental secant shear
modulus data and the model predictions. A study of the hysteresis loop has been done

by means of unload-reload shear stress at constant p. The comparison between the

model prediction and experimental data is shown in Figure 2.15.

The 3-SKH model is developed with the purpose of describing the effect of
recent stress history. Therefore, the presented paper emphasises only this effect.
Although the 3-SKH model can explain the variation of shear modulus due to a
sudden change of stress path direction during shearing process, the curve is still not
smooth. This might be a result of the fact that number of the kinematic yield surfaces

The 3-SKH model could show two sudden changes of
For the

is limited to only two.

elastoplastic behaviour when the inner surface touches the outer surface.
hysteretic behaviour, the prediction of the unload-reload shear stress-strain shape is

correct. The magnitude still needs improvement nevertheless.
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A yield surface shape that uses the elliptic modified Cam-clay yield surface
can explain the normally consolidated behaviour. The model still needs a proof of
anisotropic behaviour particularly on Ky-consolidated undrained/drained compression

and extension tests.

2.5.3 The MIT-E3 model (Whittle et al., 1994)

The fifteen input parameters for the MIT-E3 model can be evaluated directly
or indirectly based on laboratory tests, as presented in Table 2.4. The parameters that
can be directly measured from = standard laboratory  tests are:

ey, Kover K/G, @rer by Aandk,. The remaining input constants must be

determined from parametric studies:
(i) C, n are the parameters for the nonlinear in perfect hysteretic volumetric
response and % is the controlling parameter for the amount of irreversible
volumetric strain, which can be selected to match swelling curves from the CRS
consolidometer (Figure 2.16);
(i) S; and M are established from the Kj-consolidated undrained shear
compression and extension (CK,UC and CKy)UE) at OCR = 1.0, which control the
shape of the undrained path in both compression and extension (Figure 2.17);
(ili) w and y are nonlinear secant shear modulus at small strain level and shear-
induced pore pressure at large strain level during undrained shear condition
respectively, which can be measured from the secant modulus and excess pore
pressure; and
(iv) w, controls the rate of change of the anisotropic direction (yield surface

rotation), which suggested the reasonable values between 75 to 200 based on the

parametric studies (Figure 2.18).
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Table 2.4 MIT-E3 parameters for Boston Blue Clay and their requirement of
laboratory tests, (Whittle, 1993)

Input parameter
Test type OCR | Test detail and measurement
Direct Indirect
Odeometer or » )
- initial void ratio, e,
Constant Rate of Con h
) - slop of NCL line on e-In p plot ep, A
Strain _ ) ) (22.0, 1.60,
. - swelling at two levels include (1.12,0.184)
consolidometer 0.20)
two unload-reload cycles
(CRS) Test
K-consolidation 14 effective stress path during K Kove, K/'G
triaxial test consolidation and swelling (0.48, 1.90) N
S, M
) - two tests in different modes at , ,
Undrained shear Brc» Pre o,y
1,2 | OCR =1 (e.g. CK,UC, CK,UE)
test o 0 4.5,0.866
- one CK,UC test at OCR=2 (33474597 (
0.07, 0.5)
Resonant column
o Direct measurement of G, K,
or 1n-situ cross _ 6 lastic sh loci _
rom elastic shear wave velocit
hole test Y (0.001)
. . . . Vo
Special tests 1 drained triaxial strain path test _
(100)

Remark: Figures in brackets are the model parametric values for Boston Blue Clay

Void Ratio, e

@

\O

S
T

0.85F

CRS Data: BBC
(Ghantous, 1982)

¢ g= 1.168

— MIT-E3
e, 1.14
a', (kPa)| 100
Kone 0.48
A 0.184
L 0.001

C 22

n 1.6

h 0.2

{

Lo b e v baaadaa s o e o]

0.80 L
0.1

1.0
Vertical Effective Stress, O"V (ksc)

—

o__L.I__I_A_

S

Figure 2.16 Consolidation data and MIT-E3 prediction for
Boston Blue Clay, Whittle, et al. (1994)
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Figure 2.17 Ky-consolidated undrained triaxial compression and extension shear data and

Vo

MIT-E3 prediction for Boston Blue Clay, Whittle, et al. (1994)
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Figure 2.18 Parametric studies of v, value and MIT-E3 prediction of

drain strain path triaxial test, Whittle, et al. (1994)
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Figure 2.19 Ky-consolidated undrained plan strain compression and extension shear data
varied OCR = 1-4 and MIT-E3 prediction for Boston Blue Clay, Whittle, et al. (1994)

The MIT-E3 model offers accurate predictions for Boston Blue Clay as shown
in Figures 2.16, 2.17 and 2.19. This is because the model contains many advantages
of theories such as the bounding surface theory (Dafalias and Herrmann, 1982), the
elastic hysteretic formulation (Hueckel and Nova, 1979) and the anisotropic yield
surface and critical state cone. In particular, the stress path of anisotropic
consolidated tests can be simulated by the MIT-E3 model as presented in Figures 2.17
and 2.19. Although the hysteresis loop can be reproduced by the MIT-E3 model, it is
controlled by the stress reversal point. This cannot be used to explain the complicated
unloading response; for instance the three different unloading paths from A to B in the
generalised stress space as illustrated in Figure 2.20. The elastic hysteretic
formulation (Hueckel and Nova, 1979) cannot be used to distinguish the responses
from these three different unloading paths because they are unloaded from the same

reversal stress point (i.e. point A).
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Figure 2.20 Three different unloading paths in generalised stress space

2.6 Comparison of models

Table 2.5 Evaluation of some selected soil models

Model Behaviour

Normally consolidated line

Elastic behaviour
Smooth transition of
stiffness during unloading
Variation of stiffness at
small strain level
Hysteretic behaviour
Immediate past history
Flow rule

Hardening rule
Anisotropy

Strain softening

Rate dependent

Law of Thermodynamics
Number of model
parameters

Physical meanings of
model parameters

Laboratory testing to
evaluate model parameters

Mathematic equations

Implementation on
computer program

Evaluation
MCC, Roscoe 3-SKH, MIT-E3
and Burland |KH, Wood 1995| Atkinson, ef al. Whittle 19’93
1968 1991
Linear on v-log p| Linear on log v- | Linear on log v- |Linear on v-log p
plot log p plot log p plot plot
Linear Linear Linear Non-linear
No Yes Yes Yes
No Yes Yes Yes
No Yes Yes Yes
No Yes Yes No
Associated Associated Associated Non-associated
Isotropic Kinematic Kinematic Isotropic
No Yes No Yes
No Yes No Yes
No No No No
Satisfied ? ? ?

5 13 8 15
Good Poor Fair Poor
Good Poor Fair Poor
Easy Complicated Fair Complicated
Easy Fair Fair Complicated
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Each soil model described above tries to explain the behaviour of
overconsolidated soil with the aim of generating plastic behaviour inside the SBS
which could not be previously achieved by a conventional plasticity model. Of the
several frameworks of plasticity theory with mathematically sophisticated equations,
most are based on two different concepts: bounding surface models (Dafalias and
Herrmann, 1982) and kinematic hardening models (Mroz, 1967 and Iwan, 1967).
There are some advantages and disadvantages in relation to both concepts. The
models introduced previously are compared in Table 2.5. The author’s comments in
Table 2.5 present not only the facts but also the author’s views especially in the last
four lines. For instance physical meanings of model parameters: ‘good’ for the MCC
model means that the author is of the opinion that all the physical meanings of the

parameters are well defined; however, ‘poor’ for the MIT-E3 model refers to a lack of

clear definition for the physical meanings of some of the model parameters.

Table 2.6 Comparison of physical meaning of soil model parameters

Symbols
Physical meaning of MCC, Roscoe 3-SKH, MIT-E3
parameter and Burland |[KH, Wood 1995| Atkinson, et al. Whittle 19’93
1968 1991

Normally consolidated line ALK A% K* VEN < A, Ky
Reference of yield surface De Do Py P (o)
Elastic parameter G*orv G*(v) G* K/G
Critical state parameter M My M M (c)
Anisotropic parameters - m, 1 - Kone, #'re, @'re
Non-linear hardening
parameter } By v hy, ¥
Non-linear at small strain - rod kv TS v Cn o
Parameters describe the effect ) Rr TS )
of immediate history o ’
Strain softening parameter - ro - S;
Total no. of parameter 5 13 8 15

Remark: symbols in brackets are those used in the original papers

The nature of the model parameters is an important factor in indicating the
laboratory testing requirements to define the constitutive equations. Table 2.6

summarises the physical meanings of model parameters used in each model.
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Constitutive model for soil

The MIT model was developed strictly based on the bounding surface theory.
The considerable experimental research on Boston Blue Clay was used to validate the
model. The MIT-E3 model is developed from the MCC model, but their features are
distinctively different.  Firstly, the elliptic modified Cam-clay yield surface is
replaced by a twisted elliptic shaped yield surface. The unsymmetrical critical state
cone is defined using two different values of compression and extension Mohr-
Coulomb’s friction angles. Although these two modifications enable the model to
exhibit the anisotropic behaviour relatively well, a few criteria (such as the change of

yield surface direction, b and the location of the critical state cone axis, &) have to be

carefully defined. The MIT-E3 model uses the non-associated flow rule which has to
assume another arbitrary function for plastic flow potential. The two hardening rules
which describe the changes in size and orientation of the yield surface are also
assumed. The hysteresis behaviour based on only one point of stress reversal state
could not sufficiently describe the effect of the immediate stress history especially the
complicated stress path (such as cyclic loading). The irrecoverable strain from each
loading cycle could not be captured by the model. The MIT-E3 bounding surface
uses two different radial mapping rules for the gradient of plastic flow and hardening
modulus at image stress point. As a result, the final model employs many
complicated mathematic expressions as well as model parameters. The most
important shortcoming of the MIT model is the implementation in numerical
calculations. This is because the model is not a standard elastic-plastic model, thus
some special techniques are required such as hystersis formulation and mapping
algorithm for bounding surface plasticity.

On the other hand, the 3-SKH model, Atkinson, et al. (1991) and the
kinematic hardening model, Wood (1995) are based on the same original idea of the
‘bubble’ model, Al Tabbaa and Wood (1989). These tried to improve the original
bubble model by adding an extra intermediate yield surface in order to deal with
moderate strain levels. The bubble surface (or inner surface) covers the elastic
behaviour at small strain, whereas the bounding surface (or outer surface), which acts
as the modified Cam-clay yield surface, gives the prediction of strength near failure.
As a result, they can give a smoother transition response from small strain level

(elastic) to large strain level (near failure). However, there is still a question whether
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Constitutive model for soil

it is logical to limit the numbers of multiple yield surfaces to 3 surfaces. The models
cannot produce the response to cyclic loading behaviour which has a small change of
stress amplitude. These models could be extended to an infinite number of yield
surfaces. However, the infinite yield surface must be based on a theoretical basis if
unwarranted complexity is to be avoided.

All three examples of the recent soil models are originally modified from the
MCC model and add somewhat considerable arbitrary changes. This is because they
aim to generate plasticity behaviour inside the SBS which could not be achieved by
the MCC model. Some models contain many advantages of theories such as
anisotropic yield surface, hysteretic formulation and process of destructuration. Thus,
they give a better quality in terms of laboratory prediction. However, they express the
models too complicatedly, thereby making it impracticable. This research tries to
bridge between the theoretical and practical aspects. Although the new model may
not give better prediction qualities than those three models, the new model can
address some of the weak points that can not be achieved by other models. The

developing process of the new model will be explained in the next section.
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